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Abstract 

In this paper we introduce the following new ingredients: (1) rework on part of the 
Lagrangian surgery theory; (2) constructions of Lagrangian cobordisms on product 
symplectic manifolds; (3) extending Biran-Cornea Lagrangian cobordism theory to 
the immersed category. 

As a result, we manifest Seidel’s exact sequences (both the Lagrangian version and 
the symplectomorphism version), as well as Wehrheim-Woodward’s family Dehn twist 
sequence (including the codimension-1 case missing in the literature) as consequences 
of our surgery/cobordism constructions. 

Moreover, we obtain an expression of the autoequivalence of Fukaya category in¬ 
duced by Dehn twists along Lagrangian KP”, CP" and HP", which matches Huybrechts- 
Thomas’s mirror prediction of the CP" case modulo connecting maps. We also prove 
the split generation of any symplectomorphism by Dehn twists in ADE-iype Milnor 
fibers. 
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1 Introduction 

1.1 Motivations and overview 

The celebrated Lagrangian cobordism theory introduced by Biran and Cornea in their 
sequel papers IHjlZjlEj has achieved great success encapsulating information of the trian¬ 
gulated structures of the Fukaya category. A particularly attractive application is that 
they establish the long-expected relation between Lagrangian surgeries mm and the 
mapping cones in Fukaya categories. 

A primary purpose of this paper is to revisit such surgery-cobordism relations with 
emphasis on applications to Dehn twists. The underlying philosophy of our approach is 
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to understand the functors between Fukaya categories via Lagrangian cobordisms. This 
functor-level point of view has been exploited in several other contexts by many authors 
I32][33][I3] [3] etc. 

We explore this direction through the eyes of Lagrangian cobordisms and correson- 
dences. Intuitively, one may regard Lagrangian correspondences as symplectic mirrors of 
kernels of Fourier-Mukai transforms. The observation is, almost all exact sequences involv¬ 
ing Lagrangian Dehn twists can be interpreted as cone relations between these “kernels”. 
Explicitly, Lagrangian cobordism constructions geometrically realize all these cones on the 
correspondence level and provides a completely analogous picture on the symplectic side, 
versus various twist constructions on derived categories. This point of view greatly sim¬ 
plifies the proof of several known exact sequences and leads to new cone relations in Floer 
theory such as Lagrangian CP”-twists, verifying a conjecture due to Huybrechts-Thomas. 

To this end, much work needs to be done on the general geometric framework. We first 
reconstructed and extended the well-known Lagrangian surgery from connected sums to 
fiber sums, using a coordinate-free approach. The construction is intentionally designed 
to have many variants for our applications and future exploration. Also, we extended 
Biran-Cornea’s Lagrangian cobordism formalism to the immersed category. This last part 
also contains new ingredients: we adapted a bottleneck trick from [7j to immersed cases, 
which achieves compactness in some cases when the infinity ends are not even cylindrical. 

1.2 Flow surgeries and flow handles 

Recall that for two Lagrangians LirhL 2 = {x}, their Lagrangian surgery at x is given by 
adding an explicit Lagrangian handle in the Darboux chart mm- Then a Lagrangian 
cobordism can be obtained by using “half’ of a Lagrangian handle of one dimension higher 
|6]. This line of thoughts has led to remarkable breakthroughs in both constructions of 
new examples of Lagrangian submanifolds and cobordism theory. 

To implement this construction to Lagrangian “fiber sums” (surgery along clean in¬ 
tersections), the patching of local models requires more delicate consideration on the 
connection of normal bundles. On top of that, in most of our applications, the main 
difficulty is to show that the resulting manifold is Hamiltonian isotopic to certain given 
Lagrangians, usually those obtained by Lagrangian Dehn twists. 

Our basic idea to solve both problems at once is to use a reparametrized geodesic flow, 
mimicking the original construction of Dehn twist by Seidel, to produce a new Lagrangian 
surgery operation called the flow surgery (See Section [2^. This flow surgery recovers the 
usual Lagrangian surgery when the auxiliary data is chosen appropriately, but has much 
better flexibility. For example, the resulting Lagrangian handle needs not be diffeomorphic 
to a puntured ball (or a bundle with punctured-ball fibers in the clean surgery case). 
Moreover, the Biran-Cornea’s cobordism construction via surgeries fits into this framework 
easily as well. 

The main examples we have are the following (see Section and 
definitions). 

Theorem 1.1. Let M be a Lagrangian sphere and S ^ M be a Lagrangian subman¬ 
ifold diffeomorphic to either MP”, CP” or HP”. Let ts” and ts denote the correspond- 
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ing Dehn twists. One has the following surgery equalities up to hamiltonian isotopies in 
M X M"; 

(1) (5- X (5-)-)#Am = Graph{Ts^^), 

(2) Off Am = Graph{Tff^), where G M is a spherieally coisotropic submanifold. 

(3) {S X 5-)#(5 X 5-)#Am = Graphirf), 

(4) Sjf{SjfL) = = ts{L) for any Lagrangian L. Here is an immersed La- 

grangian sphere associated to S. 

(5) CpffGp^AM = Graphijff^), where Gp M is a projectively coisotropic submani¬ 
fold. 


The surgery equalities immediately lead to the existence of corresponding Lagrangian 
cobordisms. Note that in case (1), a similar cobordism construction was established in [3] 
using Lefschetz fibrations independently. 

Remark 1.2. Formal proofs will only be given in the case of 5” and CP"", since HP"' 
and MP" cases will follow from the proof of CP" word-by-word. The common feature we 
used for these manifolds we used is the existence of a metric gs of the following property: 
for any point x e S, the injectivity radius x equals n, and S\Bx{7r) is a smooth closed 
submanifold. 


We also include a detailed discussion on gradings involved in Lagrangian surgeries. 
This benefits us in two aspects: we use a grading assumption to exclude bubblings in 
immersed Floer theory (Section 7.1), and it allows us to compute the connecting maps 
later on (Section]^. But we emphasize the grading is a vital part of the foundation of 
Lagrangian surgeries for an intrinsic reason. Consider the simple case when all involved 
Lagrangians are Z-graded and embedded, according to the cone relation proved in [6], 
the algebra instructs a surgery happen only at degree zero cocycles. This principle was 
noticed first by Paul Seidel [23] . 

Such a principle interprets several known phenomena in a uniform way. First of all the 
positive and negative surgeries at the same point should be viewed as two different cones 


Cone{LQ Li) and Gone{Li[—n] —=—L Lq), which are apriori very different. When 
the resolved intersections have mixed degrees, in many cases this leads to obstructions 
in Floer theory, as exemplified in [121 Chapter 10]. In better situations when resolved 
intersections have zero degree mod N, the surgery at least results in collapse of gradings, 
which can also be checked directly on the Maslov classes. 

As for our applications, we extend this principle to clean surgeries. The upshot is that, 
for two graded Lagrangians with Lq n Li = D being a clean intersection with zero Maslov 
index, Li and Lo[dfm(D) + 1] can be glued as a graded Lagrangian. This matches well 
with predictions from homological algebra dictated by Lagrangian Floer theory with clean 
intersections [l2|. It also extends the surgery exact sequence to clean intersection case. 
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1.3 Cone relations in fnnctor categories via Lagrangian cobordisms 

From the surgery equalities in Theorem o and the corresponding cobordisms, we im¬ 
mediately recover Seidel’s exact sequence and Wehrheim-Woodward’s family Dehn twist 
sequence on the functor level, assuming all exactness/monotonicity conditions discussed 
in Section [6l 

Theorem 1.3 (see [33]). When ^ M is a Lagrangian sphere, there is a cone in the 
Aut{Tw3^uk{M)) that 


hom{S^,—)0S^ - ^id ( 1 . 1 ) 

i 

rgn 

When C M be a spherically coisotropic submanifold, there is a cone in Aut{Tw3^uk[M)) 

that 



C^oC - ^id ( 1 . 2 ) 



rc 


New information is obtained through our methods. In the Lagrangian sphere case, as 
pointed out to us by Octav Cornea, since our proof does not involve any energy estimates, it 
shows that Seidel’s exact sequence holds over Z/2Z in monotone cases, versus over Novikov 
rings in the literature. For the family Dehn twist case, in addition to the improvement 
in coefficients, we also cover the coisotropic dimension one case when ■ki{M) = 1. For 
other symplectic manifolds, our method reduces the problem of proving exact sequences to 
checking the exactness/monotonicity condition for codimension one spherically coisotropic 
manifolds, which is way more concrete. 

In another direction, since our construction holds for arbitrary symplectic manifolds, 
when combined with the general framework due to Fukaya-Oh-Ohta-Ono [12], it yields 
a proof of Seidel’s exact sequence in arbitrary symplectic manifold. This is part of an 
ongoing work |38j . 

As a consequence of the cone relations in functor categories, we also consider the 
auto-equivalences of Aut{‘Juk{W)), for W a Milnor fiber of ADE-iype singularities (The 
generalization of the result from A-type singularities to DFi-type singularities was sug¬ 
gested to us by Ailsa Keating). In [23][26] it was proved that 3^uk{W) is split generated by 
the vanishing cycles. Moreover, in m it is shown that there is a braid group embedded 
into SympcfW) when W is an A„-Milnor fiber induced by Dehn twists along the stan¬ 
dard vanishing cycles. It is natural to ask whether this braid group indeed is the whole 
mapping class group, i.e. TTo{Sympc{W)). In 4-dimensional cases, the explicit topology 
of the whole SympdW*) can be completely understood [II][37], thus establishing the 
isomorphism 'Ko{Sympc{W^)) = Brn+i- 

The situation in higher dimension, however, is much more complicated: it is still a 
widely open problem whether ttqH amc{B‘^'^) = {1} for m ^ 3. On the other hand, |in) 
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showed that there exists exotic parametrization of the sphere itself, so that the Dehn twist 
along the exotic parametrization already gives a symplectomorphism which is different 
from the standard Dehn twists (although a priori it is still unclear if it isotropic to a 
composition of Dehn twists in AD E-type Milnor fiber). In light of this result, it seems 
hard to expect in dimension> 4 a similar nice description of TTQ{Sympc{W'^)) = Br^+i as 
in low dimensions. 

As a consequence, we turn to a categorical reduction of the problem. In other words, 
we consider 


Question 1.4. Does every (j) e Sympc(W) induce an autoequivalence <I>^ 6 Aut{S‘uk{W)) 
which is isomorphic to one that is indueed by a composition of Dehn twists along vanishing 
cycles? 


We are able to prove a weaker version of Question 1.4, which is a reminiscence of 


Seidel’s split generation result of vanishing cycles, as well as the fully faithfulness of M’au- 
Wehrheim-Woodward’s Aoo-functor in certain subcategories, proved in mm- 


Theorem 1.5 (Theorem 9.5). Let W be a Milnor fiber of an ADE-type singularity. For 
any compactly supported symplectomorphism 4> e SympciW), e D'^Aut{fFuk{W)) is 
split generated by functors induced by Lagrangian Dehn twists along the standard vanishing 
cycles and their compositions. 


1.4 The Huybrechts-Thomas conjecture and projective twists 

There is a natural extension of Dehn twists construction along spheres to arbitrary rank- 
one symmetric spaces, which is known for a long time. As Seidel discovered the long exact 
sequence associated to a Dehn twist along spheres, the spherical twists, as the mirror auto¬ 
equivalences, also received much attention m- Also, such a cone relation on the A-side 
has become a foundational tool in the study of homological mirror symmetry, especially 
in the Picard-Lefschetz theory |26j . 

It has long been curious since that, what the auto-equivalence corresponding to the 
Dehn twists along a rank-one symmetric space is. On the B-side, Huybrechts-Thomas 
m defined objects on derived categories of smooth algebraic varieties, as well as a 
corresponding new auto-equivalence called the F"^-twist. They then conjectured the P"'- 
twist is exactly the mirror auto-equivalence of the one induced by a Dehn twist along 
Lagrangian CP” on the Fukaya categories. Richard Harris studied the problem in Aqo 
contexts and formulated the corresponding algebraic twist on A-side [13] • The only missing 
link to the actual geometry of Lagrangian submanifolds, remains unproved for years. 

As an application of the surgery equalities in Theorem [13 we show: 

Theorem 1.6. Let S M be a Lagrangian CP”, and L M a Lagrangian submanifold. 
Then Huybrechts-Thomas conjecture is true up to determination of connecting maps. 


The proof of Theorem 1.6 follows from the construction of a cobordism representing 
an iterated cone on the functor level, see Theorem o and Lemma |4.20[ Our method 
applies well on MP” or HP”, and should extend to other Lagrangians whose geodesics are 
closed with rational proportions such as Cayley plane or their finite covers. These are 
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supposed to be the mirror of P”-like objects except for a change in gradings for non-trivial 
self-horn’s. A family version of projective twist is also given, see Theorem |9.4[ 

Remark 1.7. While it is not difficult to find examples of Lagrangian MP"' in problems 
in symplectic topology the search of interesting examples of Lagrangian CP” is 

more intriguing. In m the authors suggested several sources of -objects in derived 
categories. An interesting instance is given by pull-back sheaves of a Lagrangian fibration 
on a hyperkdhler manifold. From the SYZ point of view, this should correspond to a 
Lagrangian CP” section on the SYZ mirror. While the role of P” objects on either side 
of mirror symmetry remains widely open so far, it is interesting to know whether such 
objects split generate either side of mirror symmetry. 

Remark 1.8. In a different direction, the P”-cone relation should be interested in un¬ 
derstanding some basic problems in symplectic topology, such as mapping class groups of 
a symplectic manifold and the search of exotic Lagrangian submanifolds. For instance, 
while a Lagrangian -twist is always smoothly isotopic to identity, it is usually not 
Hamiltonian isotopic to identity. A simplest model result along this line is to generalize 
Seidel’s twisted Lagrangian sphere construction in the plumbing of three T*CP”, the 
iterated Dehn twists along CP” in the middle should generate an infinite subgroup in the 
symplectic mapping class group. 

Remark 1.9. With Theorem the projective twist cone formula easily generalizes to 
MP” and HP”. The only difference between the formulas is the grading shift of the first 
term, as specified in Theorem \9.3[ 

MP” also gains a special feature: in this case the associated sphere So^ is equivalent 
to MP” equipped with a nontrivial 7i2-local system in the Fukaya category (see mmm)- 
Therefore, the iterated cone relation can be packaged into a long exact sequence without 
invoking the immersed Floer theory. 


1.5 Immersed Lagrangian cobordism theory and compntation of con¬ 
necting maps 

As a technique of independent interests, we have extended Biran-Cornea’s Lagrangian 
cobordism formalism to the immersed objects, on the level of Donaldson-Fukaya category 


in Section 7.2 The idea follows largely that of [6j and [Ij. For the case at hand, we have re¬ 
stricted onrselves to the exact setting for simplification, and mostly followed Alston-Bao’s 
exposition [5]. The upshot is as expected, that the existence of an immersed Lagrangian 
cobordism incurs a quasi-isomorphism between certain mapping cones coming from Floer 
theory. 

However, the actual proof is far from straightforward. The key issue is the cleanness 
of self-intersections of the immersed cobordisms, which is reqnired for the well-behaviors 
of moduli spaces of pseudo-holomorphic curves. It is not hard to establish a cobordism 
theory naively following Biran-Cornea’s definition in embedded categories and assume the 
required geometric transversality, but this will not even cover the simplest application at 
hand. 
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Figure 1: An immersed Lagrangian cobordism: a surgery in T*S^ 


Example 1.10. The simplest instance of a projective twist can be demonstrated con¬ 
cretely in M = T*S^, see Figure 1. Here we consider Sc^ c M be an immersed circle with 
a unique transverse immersed point. L is given by the cotangent fiber at a point, and we 
assume it passes through the unique immersed point of S. While the base is regarded as 
an by definition, the surgery = Tj^piL, where the surgery is perform through 

one of the branches of S at the immersed point. 

This surgery can be recast into a Lagrangian cobordism in x C. The cobordism 

can be constructed so that it naively satishes Biran-Cornea’s definition, i.e. outside x 
K for some compact set iF, it is a union of products between rays and immersed Lagrangian 
submanifolds in r*^^. However, it is evident that the self-intersection cannot be clean 
since they form a ray. In general any surgery process involving resolution of an immersed 
point will suffer from the same caveat. Therefore, we need a modihcation for the Floer 
theory to be well-defined. 

Our solution to the problem above is to use a bottleneck trick, which is a specific 
perturbation on L x M- so that its projection has the shape of a double cone, see Section 


intersection pattern between two infinity ends Lj x M, f = 0,1. Although we only deal 
with Donaldson-Fukaya categories in our setting, considerable amounts of new issues need 
to be addressed since most of our curves cannot actually be projected, which is also the 
main catch to prove statements on the Aco level. This will appear independently in the 
future. 

An application of this general immersed cobordism framework is to give an alternative 
proof to the projective twist formulae in the special case when LAS = {x} for any possibly 
immersed Lagranigan L M. Using Theorem o (4), this approach is closer to the more 
prevalent viewpoint on the relation between Dehn twists and surgeries. 

A bonus point of this alternative approach is we could “compute” the connecting maps 
which is difficult for general Lagrangian cobordisms. The immersed formalism along with a 
simple algebraic trick extract enough information to determine almost all relevant mapping 
cones up to quasi-isomorphisms we covered in this paper, see Sectionj^ In particular, when 

8 


7.2 for details. This idea was adapted from [7], where a bottleneck referred to a particular 















LrhS = {x}, and assuming an Aco version of the immersed cobordism formalism, we are 
able to improve Theorem |1.6| by matching Huybretches-Thomas conjecture also on the 
connecting morphisms, thus yielding an affirmative answer to their question. 

A note on coefficients. 

Throughout this paper we will use coefficient Z/2 or Ag/ 2 - Using characteristic zero co¬ 
efficients is possible up to checking orientations for the general framework on Lagrangian 
cobordisms for mm- As far as the coefficient is concerned, however, the Huybrechts- 
Thomas conjecture might not hold in general for C-coefficients, for example, are not 
spin thus will be constrained in Fukaya categories defined over Z/2 in many cases. 
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• Conventions. 

Throughout the paper, we assume any Lagrangian submanifold L M of a symplectic 
manifold (M, uj) under consideration is exact or monotone, which means: 

• (exactness) ui = d9 for some 9 e and 9\l = df for some smooth function / 

on L. 

• (monotonicity) For any a e 7r2(M, L), uj(a) = A/i(a). Here A > 0 and /r denotes the 
Maslov class. 

All Lagrangians are assumed to be proper, and non-compact exact Lagrangian embeddings 
are assumed to have cylindrical end, unless specified otherwise. 

The Hamiltonian vector field of a Hamiltonian function h is defined by = 

oj{Xh, —) = —dh and the time-t flow under Xh is denoted as </>/. 

We will also denote M~ = [M, —uj) to be the negation of the symplectic manifold 
{M,uj). 
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2 Dehn twist and Lagrangian surgeries 


2.1 Dehn twist 


Let 5 be a connected closed manifold equipped with a Riemannian metric such that 
every geodesic is closed of length 27r. We identify T*S with TS hy g and switch freely 
between the two. The following lemma is well-known. 

Lemma 2.1. The Hamiltonian ro ; T*5 ^ M defined by 

^{0 = IICII 


for all q e S and e T* S has its Hamiltonian flow coincides with the normalized 
geodesie flow on T*S\{0section} ■ 

To define Dehn twist, we need to introduce an auxiliary function. We first consider 
the case when S is not diffeomorphic to a sphere. For e > 0 small, we define a Dehn 
twist profile to be a smooth function ^ M such that 

(1) i/Dehn^^-^ = 27 r — r for r « e, 

(2) 0 < < 27r for all r < e, and 

(3) i/Dehn^^^ = 0 for r ^ e 

Definition 2.2. If S is not diffeomorphic to a sphere, the model Dehn twist (rs, 
on T* S is given by 

TsiO = 0J^Dehn(|j^||)(O 

on T*S — {0section} ctnd identity on the zero section. 

We will simply write ts instead of (r^, 

When S is diffeomorphic to a sphere, the spherical Dehn twist profile IS 

picked with (1)(2) above replaced by 

(!’) 1 /Dehn^.j,^ = TT — r for r « e, and 

(2’) 0 < < TT for all r < e 

In this case, Dehn twist (rs, is defined analogously but antipodal map is used 

to extend smoothly along the zero section instead of the identity map. 

Example 2.3. Let {q,p) e '^1‘1'k'L x M = T*S^ be equipped with the standard symplectic 
form W 51 = dp A dq. For a spherical profile {ts^i j^Dehn^ jg (jgfined by 


'Ts^iQH) 


forp^O 

{q + TT, 0) for p = 0 


Consider the double cover tdoubie '■ T*S^ ^ T*MP^ = M/27rZ x M given by 

i'doubie{q,p) = (2g, ^p) = {q,p) 
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For {q,p) = idoubie{q,p) e we define 


T{q,p) = Ldouble o rsi{q,p) 

which is independent of the choice of {q,p) as lift of {q,p}. It is an easy exercise to show 
that T is Hamiltonian isotopic to Tjjpi for the push-forward Dehn twist profile. Also, if we 
identify r*]RP^ with T*S^ so that r^i is well-defined on then T is also Hamiltonian 

isotopic to t|i for an appropriate choice of spherical profile. 

This example has the following well-known immediate generalizations. 

Lemma 2.4. Let idoubie ■ T*S^ —>■ be the symplectic double cover obtained by 

double cover of the zero section. For {q,p) = bdoubieiQ,p) £ 

T{q,p) = Ldouble o rsu{q,p) 

is well-defined and T is Hamiltonian isotopic to tkp" for an appropriate choice of auxiliary 
function defining tmp" . 

Ifn> 1, the choice of auxiliary function defining r]Rp>^ is irrelevant up to Hamiltonian 
isotopy. 

Lemma 2.5. ForT*S^ = T*CP^, r |2 is Hamiltonian isotopic to rj.pi. 

As usual, one may globalize the model Dehn twist. 

Definition 2.6. A Dehn twist along S in M is a compactly supported symplectomorphism 
defined by the model Dehn twist as above in a Weinstein neighborhood of S and extended 
by identity outside. 

For more details and the dependence of choices used to define ts, see [22] and [24] . 

2.2 Lagrangian surgery through flow handles 
2.2.1 Surgery at a point 

We first recall the definition of a Lagrangian surgery at a transversal intersection from 

[IT] [ 20 ] and [ 6 ]. 

Definition 2.7. Let a{s),b(s) e M. A smooth curve 7 ( 5 ) = a(s) -I- ib{s) e C is called 

A-admissible if 

• (a(s), b{s)) = {—s + A, 0) for s ^ 0 

• a'(s), b'{s) < 0 for s e ( 0 , e), and 

• {a{s),b{s)) = (0, -s) for s ^ e. 

The part of a A-admissible curve with s e [0, e] can be captured by z/(r) = a( 6 ^^(—r)). 
The main property of an admissible curve can be rephrased as follows. 

( 1 ) z^a(O) = a > 0 , and iz'^ir) < 0 for r e ( 0 ,e). 

( 2 ) (r) and i'x{r) has vanishing derivatives of all orders at r = A and r = e, respectively. 
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Figure 2: Picture of an admissible curve. 



(a) graph of an admissible function (b) graph of a semi-admissible function 


Figure 3: Admissible and semi-admissible functions 


Such a function will also be called A-admissible. We will frequently use the two 
equivalent descriptions of admissibility interchangeably. 

We also define a class of semi-admissible functions, by relaxing (2) to 

(2') v'xiO) = —a e [—oo,0]. Here a = oo if is admissible. 

Note that in all definitions of (semi-)admissibility there is an extra variable e. We 
will see that the dependence on e is not significant in this paper: we fix e for each pair 
of Lagrangian submanifolds (Li,L 2 ) once and for all. In any surgery constructions ap¬ 
pearing later, the resulting surgery manifold yields a smooth family of isotopic Lagrangian 
submanifolds as e vaires. As a result we will suppress the dependence of e unless necessary. 
Given a A-admissible curve 7 , define the handle 

H-y = {(7('S)a:i, ■ •. ,7(s)a;n)|s,Xi 6 = 1} c C'" 

Lemma 2.8. For an X-admissible 7 , H-y is a Lagrangian submanifold of (C", ^ dxi a dyi) . 

Proof. It suffices to observe that = SpauM.i'j'{s)x} © ''y{s)TxS'^~^, for x = 

As a consequence, we have 

Corollary 2.9. Let Li,L 2 c [M,lo) he two Lagrangians transversally intersecting at p. 
Let L :Lf ^ M be a Darboux chart with a standard complex structure so that i~^{Li) cz M"- 
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and i ^(-^ 2 ) iM”, then one can obtain a Lagrangian Li^pL 2 by attaching a Lagrangian 
handle i{Hy) to (Li u L 2 )\i{U). 

The Lagrangian Li^pL 2 is called a Lagrangian snrgery from Li to L 2 following 
[niiso]. Note that, the Lagrangian L 2 i^pLi obtained by performing Lagrangian surgery 
from L 2 to Li is in general not even smoothly isotopic to Li^pL 2 . 

Now, we present an new approach of performing Lagrangian surgery which also moti¬ 
vates the definition of Lagrangian surgery along clean intersections. 

Definition 2.10. Given the zero section L cz T*L, a Riemannian metric g on L (hence 
inducing one on T*L) and a point x e L, we define the flow handle with respect to 
a \-admissible function v to be 

Hu = {C(|b||)b) eT*L:pe (r|L)A{x}}, 

where (TfL)^ denotes the cotangent vectors at x e L with length ^ e 

Remark 2.11. '5^A||p||) time-1 Hamiltonian flow o/z?(||p||), where n'{s) = y{s). For 

this reason, the reader should keep in mind that Hi, is automatically Lagrangian for any 
choice of admissible v. For our purpose, the discussion on v will be more flexible so we 
suppress the role of the actual Hamiltonian function u unless otherwise specified. 

Lemma 2.12. Let S\{TfL) be the radius X-sphere in the tangent plane of x. If exp : 
S\{TfL) L is an embedding, and dHi, = exp[S\{fFfL)) a L divides L into two com¬ 
ponents, then Hi, glues with exactly one of the components to form a smooth Lagrangian 
submanifold coinciding with TfL outside a compact set for a X-admissible u. 

Proof. The only thing to prove is the smoothness of gluing on dHy = exp{Sx{Tf)). Note 
that near dH,^, the handle is a smooth section over the open shell exp{Bx{Tf)\BxsiTf)) 
which is a smooth open manifold. Moreover, the section has vanishing derivatives for all 
orders on the boundary due to the assumption of admissibility on n[r) near r = 0. The 
conclusion follows. 

□ 


Example 2.13. One may match the Lagrangian handle H.y and flow handle Hi, for ad¬ 
missible 7 and its corresponding admissible n (See Definition 2.7 and the paragraph after 
it) via the identification between T*MF and C”. 

To see this, the flow handle is given by 


Hu - {(/)A(|H|)(0>p) “ ^ 


AINI),p):pe(ro^MA.} 


We now identify with by sending (q,p) > q—ip, which matches the symplectic 

form dp A dq and a dz = dx a dy. Then by definition 





01 \\\ P 

r'ulPWjzm ~ H 

bll 

(a(s) -I- ib{s))x 


by a change of variable s = b ^(—||p||) and x = ||^. By this identification, we will simply 
use Hi, to denote both handles. 
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Corollary 2.14. Let Li,L 2 c {M,u}) 


Under the assumption in Lemma 2.12 
(1) L 2 \U, (2) the Lagrangian flow handle Hi 


be two Lagrangians transversally intersecting at p. 
one ean obtain a Lagrangian Li^pL 2 by gluing 
y, and (3) an open set in Li given by Lemma 


2.12 
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For appropriately chosen u, Lij^pL 2 coincides with Li^pL 2 defined in Corollary 


Example 2.15. Let r{p) be the injectivity radius of p. For different choices of i/(r) with 
1 /( 0 ) < r{p)i these handles will define a family of different Lagrangian surgeries which are 
all Lagrangian isotopic to each other. In the case when Li is simply-connected, they are 
Hamiltonian isotopic. 

The situation becomes more interesting when i/(0) > r{p). Some simple instances 
are given by S' = MP”, CP"" or any finite cover of rank-one symmetric space. Take CP"" 
and its standard Fubini-Study metric as an example, for any p 6 S, the flow surgery can 
be performed for kr{p) < i/(0) < (A: -I- l)r(p) for any k e Z. Later we will see that such 
surgeries are indeed iterated surgeries in the ordinary sense (although surgeries along clean 
intersections will be involved). 

Example 2.16. A less standard example is essentially given by exotic spheres in [29]. 
Given any / e Dif f'^ and form an exotic sphere Sf = vj f There is a 
Riemannian metric so that all geodesics starting from 0+ are closed, through each other, 
and of the same length l |29l Lemma 2.1]). Take p = 0_ e i?_, when A is below the 
injectivity radius, the surgery is the original one considered in [201 • When i/(0) > r(p), 
the generalized surgery defined above is identihed with an iterated surgery along p and 
g = 0 + e i?+ in a successive order, which is exactly the family constructed in [ 22 ] by the 
geodesic flow. 

The following lemma can be found in |22| , but we feel it instructive to sketch the proof 
from the point of view of flow handles to make our discussion complete. 

Lemma 2.17 (|22|). Let x € be a point and consider L = rsn(r*5”) <= T*S'^. Then 
S^#xT*is Hamiltonian isotopic to L by a compactly supported Hamiltonian. 

Proof. Let A : —>■ S"' he the antipodal map. We consider open geodesic balls H^(x) and 

Rjr(A(x)) of radius tt centered at x and A[x), respectively. It gives two symplectomorphism 
fx : T*B^{x) T*S^\T*^^^S^ and fA(x) ■ T*B^{A{x)) T*S'^\TfS^ under which we 

have 

and 

fAp) .-“'•“(IpD) j^.p) s T*B, : p E B,m 

On the other hand, suppose u = vx is such that i/a(0) = A < tt = r{x). Then f~^{Hy^) 
is given by 

= {(, 2 xi\p\)-^^,p) e T*Bpp:peR^\{0}} u {(g,0) e T*B^ : g e R^(0 )\Ra(0 )} 
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Let 5 > 0 be such that = vr — r for r < 6. We can pick ux such that i^x{r) = 

i/^ehn^^^ for r ^ 6. The resulting S'^#xT*S^ hence coincides with L outside T*Bs{A{x)). 
Inside T*Bs{A{x)), even though is not an admissible function, both S'^i^xT* 

and L are graphs of the zero section. Therefore, S'^i^xT *is Lagrangian isotopic to L 
and hence Hamiltonian isotopic to L by a compactly supported Hamiltonian. □ 


Remark 2.18. For semi-admissible that is not admissible, the gluing with Li cannot 
be smooth in general. Lemma 2.1'i/\ is an instance when a surgery using a semi-admissible 
profile yields a smooth Lagrangian submanifold. Lntuitively, the lemma regards 

i^Dehn ^ degenerate case of an admissible function. The point is that, when A = r{p), 
we only need to glue Cl{H,y) with L 2 \U, where Cl{-) denotes the closure. 

In the case when a semi-admissible function defines a smooth Lagrangian surgery man- 
if old, we will continue to denote it as Lifffi' L 2 . This applies to other surgeries along clean 
intersections and will be used several more times in a parametrized version in the paper. 


2.2.2 Surgery along clean intersection 


Let Li and L 2 be two Lagrangians in (M, cj) which intersect cleanly at a submanifold D. 
In other words, we have TpD = TpLi n TpL 2 for all p e D. The following well-known local 
proposition due to Pozniak allows us to extend the definition of flow handles to this case. 


Proposition 2.19 ([2I])- Let Li,L 2 cz [M,u) he two closed embedded Lagrangians with 
clean intersection at Li n L 2 = D. Then there is a symplectomorphism (p from a neigh¬ 
borhood U of Osectionin T*Li to M such that ip{Osection) = Li and (p~^{L 2 ) cz Nfi, where 
^section is the zcro section and Nfi is the conormal bundle of D in Li. 


Definition 2.20. We define the flow handle for D L with respect to an admissible 
function n to be 

= {<Puim)(O^T*L:(e{Nhfi\D} 

where consists of covectors in the conormal bundle of D in L with length ^ e. 


Lemma 2.21. Let Sx^Nfi) be the radius-X sphere bundle in conormal bundle of D. If 
exp : Sx{Nfi) L is an embedding, and cz L divides L into two components, then 
glues with exactly one of the components to form a smooth Lagrangian submanifold 
coinciding with Nfi outside a compact set. 


The proof is exactly the same as Lemma 2.12 and we omit it. As in the transversal 
intersection case, the surgery is always well-defined when we choose i^(0) = A < r{D), the 
injectivity radius of D along normal directions. Using Proposition 2.19| we globalize the 
construction as follows. 


Corollary 2.22. Let Li, L 2 (M, cj) be two Lagrangians intersecting cleanly along D. By 
choosing a metric on Li, a symplectic embedding l : Tf Li ^ M such that i{0secUon) = Li 
and l~^{L 2 ) c Nfi, one can obtain a Lagrangian Liff'fiL 2 by attaching a Lagrangian flow 
handle to (Li\f7i) u {L 2 \U 2 ), with Ui cz Li appropriate open neighborhoods of D, 

and e being sufficiently small. 


As in Example 


2.15 


we denote Liff'fiL 2 by Liff£)L 2 if A < r{D). 
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2.3 i? 2 -flow surgery and its family version 

So far we have only used the geodesic flows on the whole T* L to construct Lagrangian han¬ 
dles, but more flexibility will prove useful in our applications. Heuristically, our previous 
constructions have taken advantage of the fact that ||p|| has a well-defined Hamiltonian 
flow on the whole cotangent bundle except for the zero section. More crucially, the re¬ 
sulting flow handle should have an embedded boundary into Li (or at least fiber over its 
image). Indeed, any Hamiltonian function with such properties will suffice for defining a 
meaningful Lagrangian handle. 

A variant of the flow handle can therefore be defined as follows. Let L = x 

be a product manifold equipped with product Riemannian metric. Then there is an 
orthogonal decomposition T*L = E 1 Q 1 E 2 given by the two factors respectively. Let D ^ L 
be of codimension m and transverse to {p] x K 2 for all p e Ki. Suppose 7r2 : T* L ^ E 2 
be the projection to E 2 , one may then use the function = ||vr 2 (-)||g to define a new 
flow handle. Note that = ||vr 2(-)||3 is smooth on T*L\Ei. 

Definition 2.23. In the situation above, we define the E 2 -I^aw handle for D ("or flow 
handle along £' 2 -directionJ with respect to an X-admissible ux to be 

= (C(II»K)II)K) = € (Nh).,E,\D]. 

where consists of covectors ^ in the conormal bundle of D in L such that ||7r2(^)|| ^ 

e. 


We note that for any point f e Ei ® E 2 , = (Cii'?^r(? 2 )) so £' 2 -flow is 

the normalized (co)geodesic flow on the second factor and trivial on the first factor. 

Let Sx{E 2 \d) be the radius-A sphere bundle of E2 over D. We consider exp^^ : 
Sx{E 2 \d) —>■ L, which is the exponential map restricted on Sx{E 2 \d) along the leaves of 
the foliation given by second factor. We define the Ll2-injectivity radius r^^{D) of D 
as the supremum of A such that expf'^ is an embedding for all s < A. 


Lemma 2.24. Let D ^ L = Ki x K 2 be of dimension n — m and transversal to {p} x K 2 
for all p 6 Ki. If expf^ : 5 'a(.E2|d) L is an embedding and a L divides L 

into two components, then glues with exactly one of the components of L to form 

a smooth Lagrangian submanifold coinciding with Nfi outside a compact set. 


Proof. The proof is again similar as Lemma 2.21 


□ 


Similar to the cases we considered before, if Li = Ki x K 2 and L 2 are Lagrangians 
cleanly intersecting at D as above, we can add an £' 2 -flow handle to Li u L 2 outside a 
tubular neighborhood of D to get a new Lagrangian submanifold for A < r^‘^{D). We will 
denote the resulting Lagrangian submanifold by Lifi^£i,E 2 l^ 2 , called the surgery from Li 
to L 2 . We remark that coincide with when ||vr 2 (^)|| > e, so for E 2 flow surgery, 

we have to take out a neighborhood from Nfi, slightly larger than the e-neighborhood of 
D in Nfi. This fact is not essential when e is small. 

We now define a family version for E 2 -iiow surgery. Assume the situation from Defini¬ 
tion 2.23 that we have a smooth manifold pair (L, D) and a decomposition T*L = E 1 Q 1 E 2 . 
Let (L, T>) be another smooth manifold pair so that: 


16 




(i) (£, T)) has a compatible fiber bundle structure over a smooth base B, that is, 


L -5- £ and, D -D 

Y Y 

B B 

where the two bundle structures are compatible with the inclusion T) ^ L. 

(ii) The structure group G cz Isom{L), the isometry group of L, and it preserves Ei and 

E2. 

Assumptions above allow us to glue T* L via the given bundle data, yielding a symplec- 
tic fiber bundle 8, ^ B with fiber T*L. All previous symplectic constructions on T* L are 
now functorial hence can be glued over B. For example, glues into N^L hence fits 

into Pozniak’s setting of clean intersection. When £ is regarded as a vector bundle over 
£, it comes with a natural splitting £ = £i © £2 from local charts. Hence, the ii' 2 -handle 
can be constructed fiberwisely on N*D, which gives a smooth handle IKi. c £. The 
fact that 'Ku ^ T*L 3 £ is indeed a Lagrangian embedding can be check on local charts 
U^B. 

Lemma 2.25. For two cleanly intersecting Lagrangians if {Lq,Ti = 

Lqi^Li) satisfies (i)(ii) above, then family E 2 -surgery between Lq and Li can be performed 
and gives a Lagrangian submanifold Loff^ ^^Li of {M,uj). 

Remark 2.26. It is easy to see that our construction works word-by-word as long as 
there is a decomposition of vector bundle T*L = Ei®E 2 . However, one needs to imposed 
technical conditions to make exp^^ : Sx ^ L an embedding even for small A. An easy 
condition is to assume E 2 is integrable at least near D, but it should also work in some cases 
when E 2 is completely non-integrable near D but integrable outside a small neighborhood. 
Considerations along this line might result in delicate constructions of new Lagrangian 
submanifolds. 


3 Perturbations: from surgeries to Dehn twists 


This section contains the technical part which passes from Lagrangian surgeries to Dehn 
twists in several applications. The general idea is the same as Lemma 2.17[ which may also 
interpreted as passing from admissible profiles to semi-admissible ones. This is realized as 
local perturbations of the surgery Lagrangians. 

We first explain how this works in the CP”' case, then give a proof of Theorem 
|1.1[1)(2)(3)(5) using family versions of this observation. 


3.1 Fiber version 

In this section, we are interested in L being MP”, CP^ or HP” equipped with the Rie- 
mannian metric such that every geodesic is closed of length 27r. All actual proofs will be 
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given only in the case of CP"" but are easily generalized. Let x e L be a point and 
its cotangent fiber inside T*L. We also let D = {y e L\dist{x^y) = n} be the divisor 
opposite to X. 


Lemma 3.1. Let x e L he a point and ux. he \i-admissihle functions such that {k — l) 7 r < 
Aj < kiT for some positive integer k for both i = 1,2. Then Fx are isotopic for 

i = 1,2 by a compactly supported Hamiltonian. 

Moreover, if we choose a semi-admissible function : (0, oo) ^ [0, kn) that is mono¬ 
tonic decreasing and all orders of derivatives vanish at r = e such that i'f.,^{r) = kir — ar 

i,oL I n 

near r = 0 (a ^ H), then L^x'^'" Fx (See Remark 2.18) is a smooth Lagrangian that is 
isotopic to LffJ''-Fx by a compactly supported Hamiltonian. 

Furthermore, these Hamiltonian isotopies can be chosen to he invariant under isometric 
action of L fixing x. 


Corollary 3.2. For vr < A < 27r and L being MP”, CP 2 or HP"', Lff^^Fx is Hamiltonian 
isotopic to tl{Fx) for an admissible iy\. 


Proof. Observe that when a = 1 and k = 2, is a Dehn twist profile. The Corollary 

follows from Lemma [Q □ 



Figure 4: Isotopy from to to 12 “ (Dehn twist profile). 


Proof of Lemma \3. 1\ For the first statement, we observe that the space of A-admissible 
function for {k — 1 )tt < \ < kir \s connected. 


A smooth isotopy {vt} from vxi to 
vx.^ in this space results in a smooth Lagrangian isotopy from Fx to Fx 


since dH,^t does not pass any critical locus. This is a Hamiltonian isotopy because 
H\Lif7^Fx,d^{Lif7^Fx)-,M) = 0 (cf. Example [2T5| . 

For the second statement, we only consider the case that k = 1 and L = CP^, and 
the remaining cases are similar. In this case, denote zz® = i/", then Cl{H,^a)\Hi,a = D = 
CP"^”^. We pick a local chart U L with local coordinates (gi,..., qm) adapted to D 
in the sense that U n D = {qi = q 2 = D) and c{t) = {tqi,tq 2 , gs,..., qm) are normalized 
geodesics for any (gi, ..., qm)- It induces canonically a Darboux chart T*U in T*L. We 
write a point in T*U as (ga, qb,Pa,Pb), where qa = (gi, g 2 ), qb = (q' 3 , ■■■,qm) and similarly 
for Pa and pb. Since H,^a is defined by the geodesic flow, one may directly verify 

T*U n H,,o, = {{qa,qb,Pa,0)\qa = -apa ^ 0} 
r=^17nD = {(0,gb,0,0)} 
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Therefore, it is clear that H^a and D can be glued smoothly to become Cli^Hya). The 
gluing from to Fx — is the same as the admissible case. It results in a smooth 
Lagrangian Fx- 

Finally, we want to show that Fx is Hamiltonian isotopic to L^x^Fx- We can 
assume a 7 ^ 0, by a Hamiltonian perturbation if necessary. Locally near D, we have 

T*U n [Hyo, u D) = {{-apa,qb,Pa,0)} = {{qa,qb,--qa,0)} (3.1) 

a 

T*IJ c^L = {{qa,qbM) (3.2) 

It is clear that there is a small J > 0 such that ^ D) n T*Bs{D) is the graph 

of d{—i^dist^{-,D)) over Bs{D), where Bs{D) is the <5 neighborhood of D in L. Take a 
smooth decreasing function /(r) : [0,(5] ^ M so that / = 0 near r = 0 and /(r) = — 
near r = 5. Denote /t(r) = tf{r) — (1 — t)^^- 

Then the graph of d{ft o dist^{-,D)) can be patched with H^a\T* Bs{D) to give a 
Hamiltonian isotopy from Fx to L^'^^Fx for some admissible ux with 0 < A < tt. We 
remark that the Hamiltonian isotopy is invariant under the Isom{L)x, isometric group of 
L fixing X. This concludes the proof. 

□ 


We remark that another point of view of the Lagrangian isotopy from Fx to 

L^’^^Fx is that it is induced from a smooth isotopy relative to end points from the curve 
{(r, e [0, e] x [0,7r]|r e (0, e]} u {(0, tt)} to the A-admissible curve defined by b'x- 

Later we will see that, when the surgery profile i^x has A exceeding the injectivity 
radius, there is no cobordism directly associated to such a surgery. To fit such a surgery 
to the cobordism framework, in general we need to decompose the surgery into several 
steps. The following lemma shows how this works in the case for (which easily 
generalizes to MP"" and HP""). 

Lemma 3.3. Let x e CP^ be a point and Fx c T*CP^ the corresponding cotangent fiber. 
Let D = {y e FF‘^\dist{x,y) = tt} he the divisor opposite to x. Then there is an embedded 
Lagrangian Qx c T*CP^ such that 


(1) Qx = Fx away from a neighborhood of zero section, 


(2) Qx is Hamiltonian isotopic to CP 2 ffxFx, 

(3) Qx intersects cleanly with CP^ at D, 


(4) CP 2 ffoQx is Hamiltonian isotopic to T^^m{Fx) 


As a result, as far as Hamiltonian isotopy class is concerned, we have CP 2 ^£)(CP 2 ffxFx) = 


Proof. Choose a semi-admissible profile such that = tt near r = 0 and let Qx = 


Lffx 


3.1 


Fx. (1)(3) follows from definition, and (2) is a consequence of Lemma 
To see (4), note that near D, Qx coincide with the e'-disk conormal bundle at D for 


some e « e. 


Therefore, CP"^^‘^ffK4Qx is identical to for any 0 < A < tt 
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and an appropriate choice of z^a+tt (see Figure]^ for the demonstration). The latter is then 
Hamiltonian isotopic to T^^mi 2 {Fx) by Corollary 3.2, □ 



Due to the symmetry of , we have an alternative description to the Dehn twist of 

Fxq, yielding another proof for Lemma 3.3 Essentially, this description only changes the 
role of the base and the fiber, but leads to a particularly handy criterion for the isotopy 
type of Ti^fm.i 2 FxQ, which will be used in later sections. Denote the isometry group of 
(j^lpm /2 Q subgroup of it fixing xq as Gxq- There is an induced -action on 

T* 


Lemma 3.4. Let ^{t) he a normalized geodesie on CP™'^^ starting and ending at xq. Let 
c{t) he a (rescaled) lift of'y{t) in T*CP"*/^, that is, c{t) = (jit), f{t)'y'{t)) for some smooth 
f{t) defined on [0,27r] such that /(vr) ¥= 0 and /(O) > 0 (recall that 7 '(t) is identified with 
its dual). Then the orbit Gxq ■ c{t) is a Lagrangian which is possibly immersed. 

Moreover, assume further 


(a) 


dnf-\t)) 

dF 


(/(O)) = 0 


for all n ^ 1, and f is strictly decreasing near t = 0, 


(b) /(27r) = 0 and f'{t) < 0 when t e (27r — 6, 27r] for some small 6 > 0. 


Then Gxq ■ c{t) can be extended to a proper Lagrangian immersion Lf, such that 
(i) it overlaps with Fxq along {p e Fxq : \\p\\ > /(O)}, 

(a) it is isotopic to T^^^pT^Fx^) through a smooth family of Lagrangian immersions with 
property (i). 

Proof. For the first assertion, Gxq • c{t) is the graph of d{Fo distxQ{-)) when t e (0, vr), and 
d{F o (27r — distxQi'))) when t e (7r,27r), for F'(t) = f{t). The condition (a) guarantees 
the smoothness of gluing with Fxq, and (b) the smoothness at t = 27r. The smoothness 
and Lagrangian properties at the critical set D and xq can be checked directly and using 
that /(tt) ^ 0 and Lagrangian property is a closed condition. 
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For the last isotopy statement, find an isotopy of smooth functions, within the class of 
those satisfying (a)(6), from f{t) to some g{t) which is strictly monotonic (decreasing) in 
[0, 27r]. This induces an isotopy of Lagrangian immersions from Lf to some Lg. 

Fxq as in Corollary 


Consider 

invariant, it is not hard to check that wit 
The conclusion hence follows. 


3.2 


This Lagrangian and Lg are both Gxq- 


a V 


IDehn 


= 9 


-1 


the two Lagrangians coincide. 

□ 


Remark 3.5. As the proof showed, one should heuristically regard f{t) as the inverse 
function of certain admissible function v. 

The possible immersion points appears if and only if there is to < vr, such that /(to) = 
—/( 27 r — to). Otherwise, all above assertions can be improved to the class of embedded 
Lagrangians. 


3.2 Product version 


In this section we prove Theorem o (1)(3). The proofs here are similar to that in the 
last section, and should be considered as family versions of it. In this subsection, we use 
S to denote S’”', MP”, CP^ or HP”' equipped with the Riemannian metric such that every 
closed geodesic is of length 27r. 

For the moment, let S cz (M,uj) be a Lagrangian sphere. One may consider the clean 
surgery of Li = 5 x S~ and L 2 = A in M x M~. In this case, they cleanly intersect 

take E 2 = S X {T*S)- 


at D = As S X S'”. In Definition 2.23 
El = T* S X S” c r*S X (r*S)” and an vr- admissible function 

Now consider a point {p,p) e A in a Weinstein neighborhood of Li 


T*S X {T*S)-, 
where p can be 


considered as a point on Tf S for a small e > 0. The flow in Definition 2.23 defines a sym- 


plectomorphism fixing the first coordinate in (T*S x (T*S) )\Ei; when restricted to Ag, 
the H 2 -fiow sends {p,p) 1 —> {p,4>^ exactly the graph of (the inverse 

owes to the negation of symplectic form on M~), except that we have used an admissible 
profile for the handle which is not a Dehn twist profile. Lemma 3.6 below ensures that 
this could be compensated by a local Hamiltonian perturbation. Hence modulo Lemma 


3.6, this shows that (5x5 )#As£; 2 ^ ^ Graphijg^). The whole construction applies 
when 5 is MP”, CP"^ or HP”, except that the admissible profile has i^(0) = 27r. 



Figure 6: H 2 -fiow surgery resulting the graph of Dehn Twist. 
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Lemma 3.6. Let S he 5”, MP"', CP"^ or HP”'. Let ux- be Xi-admissible functions such 
that {k — 1 )tt < Xi < kTT for some positive integer k for both i = 1,2. Then the E 2 -flow 
surged Lagrangian manifolds {S x above by ux. are Hamiltonian isotopic. 

Moreover, if we choose a semi-admissible function such that = kn — ar 

yOL 

near r = 0 (a ^ 0), then {S x S~)ff^^^^A is a smooth Lagrangian that is Hamiltonian 
isotopic to {S X E2^‘ 

Furthermore, these Hamiltonian isotopy can be chosen to he Lsom{S) invariant, where 
Isom{S) is the diagonal isometry group in Lsom{S) x Lsom{S) acting on T*S x (T*S)~. 


We have the following Corollary whose proof is similar to Corollary 3.2 


Corollary 3.7. For vr < A < 27r and S being MP”, CP 2 
5 = SV, {S X A is Hamiltonian isotopic to Graph{Tg 


or HP” (resp. 


0 < A < vr and 


Proof of Lemma \3.6l The proof of the first statement is exactly the same as Lemma 3.1 
For the second statement, we again only consider the case that k = 1 and S = CP^ and 
the remaining cases are similar. 

Define D°p = {{x,y) e S x S\dist{x,y) = tt}. Projection to x equips D°p with a 
CP-bundle structure over S = CP"^. Therefore, the neighborhood of D°p in 5 x 5 is 
the total space of a fiber bundle V —>■ S, whose fiber is a topological 0(l)-bundle V over 
CP"^"^. We pick a local trivialization x of V for c S and c V. Readers 
should note that, the product decomposition Lf^ x Lf^ is not compatible with that of 
L = S X S~ , but {g} X is an open set of the second factor of S for any q e . 

Consider a choice of local coordinates {q^, q^) = {qf ,..., q^, q[, ..., q^) adapted to 
D°P in the sense that {U^ xU^)nD°P = {qf = q^ = 0} and c{t) = {q^,tqf’, tq^, gf',..., q^) 
are normalized geodesics for all {q^ ,q^). It induces canonically a Weinstein neighborhood 
T*{U^ X U^) in T*{S x S~). We write a point in T*{U^ x U^) as {q^,p^, qa , Qb iPa ^Pb)^ 
where q^ = (gf, q^), qb = {Q 3 , ■ ■ ■, Qm) and similarly for p^ and p^. Since H,^^ is defined 
by the parametrized geodesic flow when restricted on the second factor of T*S, we have 


a parametrized version of (3.1) 


= {iq^,P^,-aPa,Qb,Pa^0)\P^ 


0,1 




{q^,P^) = {-aPa,qb\Pa^0)} 


(3.3) 


Here, both <^^cf(||pS||)(y > W) and {—ap^,ql^,p^,0) are considered as points in Tf S 

although they belong to different factors. Therefore, in T*{U^ x U^) n Hi,a, fixing q^ 
and letting p^ go to 0 linearly leads to fixing q^ and letting p^ go to zero linearly. All 
above conclusions can be glued across different charts. Therefore, one can see that H, 2 ‘^ 
and D°P can be glued smoothly. The fact that Hi,a can be glued smoothly with A is 
because all order of derivatives of 12 “ vanish at r = e. It results in a smooth Lagrangian, 
which we denote as {S x A. 

A is Hamiltonian isotopic to (5 x 
:[o,oo) interpolating n°‘ and vxi as in the proof of Lemma 


Finally, to show that (5x5 


3.1 


We can choose {m}te[ 
a smooth Lagrangian isotopy which is invariant under the diagonal Isom{S) action. 




This is 


□ 
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In parallel to Lemma 3.3, we have the following. 


Lemma 3 . 8 . Let S 6e MP", CP 2 orMF'^andD°P = {{x,y)eSxS \dist{x,y) = tt}. Up 
to Hamiltonian isotopy in T*S x (T*S)~, we have {S x S~)#D°p,E2iiS x S~)#As,E 2 A) = 
Graphijg ^). 


Proof. The proof is similar to tha t of Lemma 
use the function in Lemma 


3.3 


3.3 


and we again assume S = CP 2 . We 
to define S = {S x E2^' is Hamiltonian 

isotopic to {S X S~)ffAs,E2^ by Lemma 3.6 Now, S intersects S x S~ cleanly along D°p. 
We can perform another E2-&0W surgery using semi-admissible profiles from S x S~ to S 


to obtain the result, by Lemma 3.6 and Lemma 3.3 


□ 


3.3 Family versions 


One may also generalize the above example to the case of family Dehn twists |33] . Recall 
that a spherically fibered coisotropic manifold i : ^ is a coisotropic 

submanifold so that there is a fibration p : C ^ j^2n-2i Qygj. symplectic base, while the 
fibers are null-leaves S^. In other words, p*ujb = Hojm- Moreover, we equip the fibers 
with round metric such that geodesics are closed of length 2 ti and ask the structure group 
of p lies in SO{l + 1). 

A neighborhood U oi C can be symplectically identified with TfS^ x so{i+i) where 
P is the principal SO{l + l)-bundle associated to C and Tf consists of the cotangent 
vectors with norm less than e. The family Dehn twist tc can then be defined fiberwisely 
as the fiberwise Hamiltonian function E^^^'^{\\p\\) (see Remark 2.11) is preserved by the 
structure group. With respect to the fiberwise metric g'^, the function h(-) = Z 2 (|| • 
defines a flow along fibers whose time-1 map is the desired Dehn twist (with a continuation 
over C defined by fiber-wise antipodal map on C). 

Now consider a Lagrangian embedding C:=CxbC^MxM. Explicitly, the image 
of this map is 


where vr : C 


C = {(x,y) eCxCcMxM: 7r(x) = 7r(y)}, 

B is the S'^-bundle projection. Indeed, C = C* o C is a composition 


Lagrangian in the sense of (5.2). Here we have abused the notation by identifying C with 
its Lagrangian image m. B x M defined by 


{{x,y) eBxCi^BxM: TT{y) = x}. 

Note that C is a fiber bundle with fiber x and structural group the diagonal 
SO{l + l). 

Consider a point {x,p) e U where Dehn twist is performed. Here x e B and p 6 Tf S^: 
this is an abuse of notation because p is only well-defined up to an SO{l + 1) action. Any 
point contained in A n (f7 x U~) c M x M~ thus takes the form ((x,p), {x,p)). In this 
setting, the graph of in U x U~ consist of points 

Graph{Tfi^) = {{{x,p),{x,(j)'^D.hnnipW){p)))\x e B,p e Tf S'-} 
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where p is again only well-defined up to an SO{l + 1) action, and Graphij^^) coincides 
with A outside U x U~. 

Similar as before, we want to realize Graphir^^) as a surgery from C to A. In this 
case, we want to perform a fa mily i? 2 -surgery. 


In the notation of Section 


2.3 


let £ = (7, D = A n C. The x 5^-bundle structure 
(over B) on C is the needed bundle structure on L. The restriction of A on a fiber T*Li, 
for b e B is precisely A^^* , and the fiberwise £' 2 -flow is taken as the E 2 -R 0 W along the 
second factor of S^, as described in the previous subsection. 

Hence the whole situation on a fiber T*Lb = T*{S^ x 5^) is identical to the one in 
the previous subsection and defines a global Lagrangian handle by patching the local 
trivializations. 

By the same token, we can define projectively fibered coisotropic manifold which 
is a coisotropic manifold with null-leaves complex (or real, quaternionic) projective spaces. 
Family Dehn twists for these spaces are defined similarly. 

Lemma 3.9. Let C cz [M,oj) he a spherically (resp. projectively) coisotropic submanifold 
with base B. Let nx- he Xi-admissible functions such that {k — Ijvr < \i < kir for some 
positive integer k for both i = 1,2. Then the family E 2 -fiow surged Lagrangian manifolds 
Gff,^'’E^A above by ux. are Hamiltonian isotopic. 

Moreover, if we choose a semi-admissible function : (0, 00 ) —> [0, kn) such that 
r''^T^{r) = kiT — ar near r = 0 (a ^ 0), then is a smooth Lagrangian that is 

Hamiltonian isotopic to A . 

Corollary 3.10. For spherically (resp. projectively) coisotropic submanifold G, the family 
E 2 -flow clean surgery Cff'X),E 2 ^ (resp. Cff'X)°p,E 2 Cif'r>,E 2 ^) Hamiltonian isotopic to 
Graphirff^). Here T)°^ is a D°p- bundle over the base B and D°p is as in Lemma 


3.8 


Proof of Lemma 3.9. We give the proof for the spherical case and the other cases are 
similar. Since the construction in Lemma 3.6 is SO{l + 1) invariant, we can apply Lemma 


3.6 


anc 


to G and A n 1/ to obtain the desired Lagrangian isotopy from Gff'^f.^A to A 

. from to Cff''^\A. 

What remains to show is that the Lagrangian isotopies are Hamiltonian isotopies. 
We prove the case where the Lagrangian isotopy is from to The 

other case is similar. Denote the Lagrangian isotopy as Lc,t : T — > M x M~ . Notice 

T*S^ X (r*sO"^ 

)(^^, ■) IS 


IS 


that the Lagrangian isotopy restricting to each fiber ■ L 
a Hamiltonian isotopy and hence an exact isotopy (i.e uq = i.%^{ujcan © —^canjy—^, 
exact). Since the fiberwise symplectic form and the isotopy are SO{l l)-invariant, so 
is ao and its primitive. These primitives on fibers can be patched together to form the 
primitive of a = •) and hence is an exact, thus a Hamiltonian 

isotopy. 


Alternatively, one may also patch the Hamiltonian isotopy from Lemma 3.6 We will 
leave the details to the reader. 

□ 

Corollary ?? is now an immediate consequence of [?] by setting k = 1 for spherical 
case and /c = 2 for the projective cases. 
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4 Gradings and energy 


In this section we discuss the gradings in Lagrangian surgeries. 


exposition in [5] to review the definition of gradings in subsection 4.1 


We follow mostly the 
The subsequent 


subsections provide computation for a sufficient and necessary criterion to perform graded 
surgeries. Starting from the next section, all surgeries between graded Lagrangian will be 
graded surgeries. Our discussion stay in the Z-graded case but the corresponding results 
for Z/Wgradings can be obtained by modifying our argument using the setting in |23) 
and the statements will be a mod-AI reduction of what we have here. 


4.1 Basic notions 

Let (M^”, a;) be an exact symplectic manifold with a primitive one form a for cj, equipped 
with an w-compatible almost complex structure J making M pseudo-convex at infinity. 
We also assume 2ci(M) = 0 and fix once and for all a nowhere-vanishing section of 

Let L be a connected manifold without boundary (not necessarily compact) and ll ■ 
L —> M a proper exact Lagrangian immersion (i.e. tja is exact). A grading on 
(sometimes simply denoted as ll) is defined as a continuous function 6 l ■ L ^ M such 
that = Det^ o Dll, where Detf^ is defined as 


— Det^{Xi, ..., Xn) 


L!(Ai,...,A^)2 

L!(Ai,...,A„)2 


for any Lagrangian plane Ap TpM at a point p and any choice of a basis {Xi,..., 
for Ap. 

Given two transversal Lagrangian planes Ao,Ai (of dimension n) at the same point 
with a choice of 0 o, 0 i such that = DetQ{Aj) for both j, we can identify them as 

graded Lagrangian vector subspaces of The index of the pair (Ao,0o) and (Ai,0i) is 
defined as 

Ind{{Ao, 0o), (Ai,0i)) = n + 01-00- 2Angle(Ao, Ai) (4.1) 

n 

where Angle{AQ,Ai) = ^ f3j and jdj e (0, |) are such that there is a unitary basis 

i=i 

ui,..., tin of Aq satisfying Ai = Span^{e^'^'^^i 

In general, when Aq n Ai = A ^ {0}, the definition of index for the pair (Aq, 0o) and 
(Ai, 0i) is the same as above with the definition of Angle{AQ, Ai) modified as follows. Pick 
a path of Lagrangian planes At from Aq to Ai such that 

• A 1 = Ai c Aq -I- Ai for all t e [0,1], and 

• the image At of At inside the symplectic vector space (Aq -I- Ai)/A is the positive 
definite path from Aq to Ai. 

Let /3i be a continuous path of real numbers such that = Det^{At). Then, the 

Lagrangian angle is defined as 


2 Angle{Ao,Ai) = /3i - /3 q 
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Definition 4 . 1 . For two graded Lagrangian immersions {iLi, 0 i), {112^^2) (not necessarily 
distinct), and points pj e Lj for j = 1,2 such that iiipi) = i2{p2) = P, the index for the 
ordered pair {pi,P2) is 

Ind{pi,p2) = Ind{{{ii)^Tp^Li,ei{pi)),{{i2)^Tp^L2,62{p2))) 

We also use the notation Ind[Li\p, L2\p) to denote Ind{pi,p2) if = {pi} and 

h^ip) ^ {P2}- Note that if Li intersects L2 cleanly along D and if D is connected, than 
Ind{Li\p, L2\p) = Ind{Li\g, L2\q) for all p,q e D. In this case, we denote the index as 
Ind{Li\D, L2 \d)- 

Example 4 . 2 . For a graded Lagrangian immersion and an integer k, is 

defined as irik] = {tL,d — k). In partieular, we have 

Ind{iLi[k]\D, iL2[k']\D) = Ind{iL^\D,iL2\D) + k - k' 

Example 4 . 3 . Let M = HF be equipped with the standard symplectic form, eomplex 
structure and eomplex volume form. Let Li = = {yi = • • • = 2/n = 0 } and L2 = {xi = 

■ ■ ■ = Xn-k = Un-k+i = ''' = Vn = 0 } be two Lagrangian planes for some 0 ^ k ^ n. We 
have DetQ{Li) = 1 and Det(i{L2) = (— 1 )"'“^. Let = n — k — 1 and 6 l2 = the 

grading of Li andL2. Then, we have Ind{Li\Q, L2\o) = (n) + ^^ —(n—/c— 1 )— 2 (n—/c)( j) = 
k + 1. 

Remark 4 . 4 . For a Lagrangian isotopy = ( 4 *t)tg[o,i] : i x [ 0 , 1 ] ^ {M,uj), if is 
equipped with grading Oq, then the indueed grading on <hi is defined as follows. There is 
a uniquely way to extend Oq : L x { 0 } —> M eontinuously to 0 ; L x [ 0 , 1 ] —> M sueh that 
^2me{-,t) ^ Det^ o o,nd the indueed grading on <hi is defined by 0{-, 1). 

Example 4 . 5 . Let L = M c (R.‘^,dx a dy) and identify the latter with C equipped with 

2 

the standard complex volume form. Consider h : —>■ R. given by h{q) = for some 

eonstant c. The graph of dh, Graph{dh), is given by {{q,cq) e T*L\q e Lj. By letting 
q = X and p = —y to identify C with T*L, Graph{dh) is given by {{x, —cx) e C}. Under 
our eonvention of Hamiltonian flow, Graph{dh) is the time 1 Hamiltonian flow of L under 
Hamiltonian —hoTT : T*L M, where tt : T*L L is the projeetion. If we give a grading 
to L and induees it to a grading on Graph{dh) by the Hamiltonian isotopy, then 

Ind{L\o,Graph{dh)\o) = | J > 0 

In short, the index equals the Morse index of h if c F 0 . We eall the grading defined above 
an induced grading on Graph{dh). 

Example 4 . 6 . Let L = M"- c (C”, dxi a dyi). Consider h : L given by h{q) = c ^ ^. 

i=i 

If we let qi = Xi and pi = —yi to identify CF with T*L and give the induced grading to 
Graph{dh) by a grading of L and the Hamiltonian isotopy induced by —h o tt, then 

Ind[L\^u-k,Graph[dh)\^u-k) = 

where R^~^ is the last n — k qi coordinates. 


n if c ^ 0 

n — k if c> 0 
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Corollary 4.7. Let /i : L —> M 6e a Morse-Bott function with Morse-Bott maximum 
at critical submanifold Di of dimension ki and minimum at D 2 of dimension k 2 - If 
L cz T*L is graded and Graph{dh) is equipped with grading induced from that of L 
and the Hamiltonian isotopy induced by —hoTr, then Ind{L\Di,Graph{dh)\£)-^) = n and 
Ind{L\£)^,Graph{dh)\D 2 ) = n — k 2 

Definition 4.8. For a Lagrangian immersion we define 

Rl = Rll ■= {(P: q)^ L X L\i{p) = i{q),p ^ q} 
and call it the set of branch jump . 

Example 4.9. Let M = T*MP"' be equipped with the canonical one form and symplectic 
form with n > 1. Fix a choice of J and 0^. Let ll ■ L = —>■ MP"" := L be the double 

cover of the zero section. Note that we can equip L with a grading 6 l : MP"" ^ M. The 
lift of 6l to 0L '■ L —>■ U. gives a Z/2Z invariant grading of L and hence Lnd{p,q) = n for 
any {p,q) £ Rl- Converesely, ifOi is any grading on L, then we must have 0l(p) = 
for any {p,q) e R because Biiq) — Oiip) e ^ for any {p,q) e R and Biiq) — Slip) varies 
continuously with respect to {p, q). 


4.2 Local computation for surgery at a point 

The grading of Lagrangian surgery in the local model was considered by Seidel [23] already, 
and we include an account for completeness. Let H.y be a Lagrangian handle. We equip 
C"' with the standard complex volume form 12 = dzi a • • • a dzn- 

Lemma 4.10 l|23ji. Let M” and zM” be equipped with gradings 9r and 9i, respectively. 
Then, there is a grading 9 h on H.y and a unique integer m such that 9 h can be patched 
with 9r + m and 9i to give a grading on W^^oiW^. If Ind{(ST\o,9r),{iW^\o,9i)) = 1, we 
have m = 0. 


Proof. As shown in Example |2.13[ Hj = Hi, for some flow handle Hi,. Since Hi, is obtained 
by Hamiltonian flow of iMT, Hi, is canonically graded by 9i using the Hamiltonian isotopy. 
We call this grading 9h and continuously extend it on Gl[H,y). Since M”" n Gl{Hy) has one 
grading induced from 9r and one induced from 9h, ~ (^r\B."nCi{H„) is a locally 

constant integer-valued function. If M"' n Gl{Hy) is connected, then there is a unique 
integer m such that 9H\K^nCi(H„) = If ^ Gl[Hi,) is not connected, 

then n = 1 and one can check directly that the same conclusion holds. As a result, this m 
is the unique integer such that 9h can be patched with 9r + m and 9i to give a grading on 
W^jfoiW^. In what follows, we want to show that m = 0 if /n(i((M"’|o, 9r), (iM”|o, 9i)) = 1. 


Pick a point x = (xi,... ,Xn) £ Let c(s) = 7 (s)x £ H.y and denote the image 


curve as Im{c), where 7 is an admissible curve (See Definition |2.7[ ). The Lagrangian plane 
As at c(s) is spanned by { 7 '(s)x} u { 7 (s)i'j}j= 2 > where Vj £ TxS'^~^ forms an orthonormal 
basis. (See also the proof of Lemma 2.8). Therefore, we have 


Detfi{As) = 


for all s. There is a unique continuous function 9c '. Im{c) M such that 
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• 9c{c{s)) = n — 1 for s < 0, 

• 0 c(c(s)) = ^ for s > e, and 

• e27r*ec(c(s)) ^ DetQ{As) for all s 

Therefore, we have 9c — 9H\im{c) ^ ^ 9c describes the change of Lagrangian planes 
from M” to iM” along the handle. By comparing with the Example 4.3 (for A: = 0), we can 
see that if the graded Lagrangians M” and iM” inside C” intersect at the origin of index 
1, then m = 0. This finishes the proof. □ 


Corollary 4.11 ([23]). Let Li : Li ^ {M,u}) for i = 1,2 be two graded Lagrangian 
immersions with grading 9i and 92, respectively, intersecting transversally at a point p. If 
Ind{{Li\p,9i), {L2\p,92)) = 1, then i : L\jfpL 2 —> can he equipped with a grading 

9i2 extending 9i and 02 - In this case, we call LiffpL 2 together with its grading as a surgery 
from graded Li to L 2 . 


4.3 Local computation for surgery along clean intersection 

This subsection discuss the grading for Lagrangian surgery along clean intersection. We 


start with ordinary clean surgery (See subsubsection 2 . 2 . 2 ) 


Lemma 4.12. Let Li,Nf) a T*Li be equipped with gradings 9^ and 9i, respectively. For 
any admissible function u such that A < r{D), there is a grading 9 h on and a unique 
integer m such that 9 h can he patched with 9i,9r + m to become a grading on 
Moreover, m = 0 if and only if Ind{{Li\£),9r),{Ny\i:),9i)) = dim{D) + 1. 

Immediately from Lemma |4.12[ we have 

Corollary 4.13. Let Li, L 2 cz (M, co) be graded Lagrangians cleanly intersecting at D. We 
can perform a graded surgery Liff£)L 2 from Li to L 2 along D if and only if Ind{Li\j:), L 2 \d) 
dim{D) + 1. 


Proof of Lemma 4.12. The first statement of the lemma follows as in the first paragraph 


of the proof of Lemma |4.10[ Therefore, we just need to prove that m = 0 if and only if 
Ind{{Li\]:),9r),{Nf)\£),9i)) = dim{D) + 1. Let dim{D) = k. 

Pick a Darboux chart such that in local coordinates Nfy is represented by points 
of the form {q,p) = {qb,0,0,pf) = {qi,... ,qk,0,... ,0,pk+i,... ,Pn), where the first 0 in 
(qb, 0, 0 ,pf) are the last n — k qi coordinates and the second 0 are the first k pi coordinates. 
We also require [qi,..., qk,tqk+i, ■ ■ ■, tqn) are normalized geodesics on Li as t varies, for 
any gi,..., such that q] = 1 - As a result, the handle in local coordinates 

is given by (here, we suppose that the surgery is supported in a sufficiently small region 
relative to the Darboux chart) 


{C(||p^||)(%,0,0,p/) = ((g6,^/(||p/||)^,0,p/)|®eM^p/e 


DU — k 


} 


We consider the standard complex volume form D = dzi a • • • a dzn in the chart. Let 
e.n -2 e be a vector in the unit sphere of last n — k pi coordinates. Let 


c(r) = (0,i^(||re^2!|) 






r,0,re^2) = (0,i^(r)e^2> 0^6712) 
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be a smooth curve on for r e (0, e]. We define c(0) = lim^_^o+ cCr”)- 

We want to understand how the Lagrangian planes change from Li to along the 
handle and it suffices to look at how the Lagrangian planes change along c(r). The 
Lagrangian plane at c(r) is spanned by 


{(ej, 0,0,0)}^^! u 0 , 6 ^ 2 )} u {(0,z^(r) 



n—k 

i =2 


where Cj e are coordinate vectors and ej- form an orthonormal basis for orthogonal 
complement of e „2 in 
Then we have 

Det^{Kr) = 


for all r. Here, the convention we use is still, Zi = qi — -s/^pi. Observe that i^'(e) = 
= 0. When r goes to 0, z^'(r) decreases monotonically to — 00 . Similarly, increases 
monotonically to infinity because r goes to zero and is bounded and positive. 

In particular, arg(z/'(r) — ^/—l) increases from tt to ^ as r increases and arg(^^ — 
V—1)) decreases from 27r to as r increases. Therefore, there is a unique continuous 
function 9c : Im{c) ^ M such that 
• 9c{c{r)) = n — k — 1 for r = 0, 

n—k 


9c{c{r)) = for r = e, and 
g27r*ec(c(r)) = D et%(Ar) for all r e [ 0 ,e]. 


By Example 


4.3 


we have Ind((R"'\jg^k,n — k — 1),(A^* 
m = 0 if and only if Ind{{Li\j:,, Or), {Nf^\]:), 6i)) = k + 1. 


,^)) = k 


1. Hence, 

□ 


For the E' 2 -flow surgery, we use the setting in subsection 2.3 and we have 


Lemma 4.14. Suppose D L = Ki x K 2 is a smooth submanifold of dimension k which 
is transversal to {p} x K 2 for all p e Ki. Let L, cz T*L he equipped with gradings 6r 
and 6i, respectively. For any X-admissible function v such that A < r^'^{D), there is a 
grading Oh on and a unique integer m such that Oh can be patched with Or + m 

and Oi to become a grading on 

Moreover, we have m = 0 if and only if Ind{{L\D,0r),idX^£)\D,di)) = dim{D) + 1. 


Corollary 4.15. Let Li = Ki x K 2 ,L 2 cz [M,uj) he graded Lagrangians cleanly in¬ 
tersecting at D. Suppose D is transversal to {p} x K 2 for all p e Ki. Then we can 
perform a graded E 2 -flow surgery Liff£),E 2 L 2 from Li to L 2 along D if and only if 
Ind{Li\D,L 2 \D) = dim{D) + 1. 


Proof of Lemma \4.14\ As explained before (cf. Lemma 4.10 and Lemma 4.12), we just 
need to show that m = 0 if and only if Ind{{L\D,0r),{Nf)\j:i,9i)) = dim{D) + 1. Again 
denote k = dim{D). 

Pick a chart compatible with the product structure on L and define qi, = {qi,..., q/^) e 
Li and qf = {qk+i, ■ ■ ■ ,qn) e L 2 . We also want that {qb,tqf) is a geodesic with velocity 
one as t varies, for any qb,qf such that \qf \ = 1. We can also assume the origin belongs 


to D and denote a basis of the tangent space of D at origin TqD as 


,w‘ 


’} and 
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= wl + where wl and tej. are the qb and Qf components of , respectively. Since 

D is transversal to the second factor, we can assume are the unit coordinate vectors 
in the g'b-plane for 1 ^ j ^ k. Moreover, there is a function {qb) of qb near origin such 
that {qb,qf{qb)) e D. 

This chart gives a corresponding Darboux chart on T*L and we define as a function 
of qb,Pf near origin such that {qb,(lf{Qb),pl^{Qb,Pf),Pf) e Note that •) is linear 
on the second factor. Near the origin (close enough to origin such that q^{qb) is well- 
defined), the handle in local coordinates is given by 

{C(h|[)(^b,g/(®),P?(96,P/),P/) = {qb,qf {qh) + v{\\Pf\\)^yPb {qb,Pf),Pf)\qb ,Pf e 

We consider the standard complex volume form hi = dz\ a • • • a dzn in the chart. Let 
e.n -2 e be a vector in the unit sphere in the pf coordinates. Let 

= (P'^(\\re^j)i0,0,Pbi0,re„^),re^^) 

= (0, z^(IIre^2 il) II , pf (0, re^2 ) > re^2 ) 

Ir ®7r2 li 

= (0,z/(r)e^2>pf (0we7r2)Te7r2) 

be a smooth curve in for re We define c(0) = lim^_^o+ c(r). 

The Lagrangian plane of Hif' ^ at c(r) is spanned by 


v{r) 


{{wl,w^p K{r,w^),^)}]^^ u {( 0 ,z^'(r)e^ 2 >pf (0:evr2),e7r2)} ^ {(0, ef), 


where K{r,w^) = dq-pj^{ 0 ,reTr 2 ) = (0)e 7 r 2 )) is linear in r and ej“ form an orthonor¬ 

mal basis for orthogonal complement of in MP~^. We note that (0, v'{r)eT^ 2 jPb ^vra), eT^ 2 ) = 
c'(r) and the computation uses the fact that pf (•, •) is linear on the second factor. 

Let Kj{r,w^) be the coefficient of rc^-component of K{r,w^) (Here, we identify the 
gb-plane and the pb-plane). Notice that 


Det^iAr) = 


i2{ 2 arg(l-Kj(r,-u;J)VM;)+arg(!/'(r)—v/M!)-l-(n-fc-l) arg(i^-WH!)) 

e ^=1 


for all r (Here, we use the fact that are unit coordinates vectors and we use the 

k 

convention Zi = qi — \/^pi). Let K{r) = ^ arg(l — Hij{r,w^)\/^). 

i=i 

arg(z/'(r) — ^/—l) increases from vr to ^ as r increases and 


Similar to Lemma 

' u{r) 


4.12 


37r 
2 

such that 


arg(^^^ — V~l)) decreases from 2tt to ^ as r increases. Therefore, there is a unique 
continuous function 9c : Im{c) - 


• 6c{c{r)) = n — k — 1 + = n — A: — 1 for r = 0, 

• 9c{c{r)) = -I- for r = e, and 
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• e27r*6c(c(r)) ^ Det‘^{Ar) for all r e [0,e]. 

On the other hand, we can lift a path of Lagrangian plane of over the path 
C 2 ir) = (0, 0,p^(0, rejrj), connecting the origin and c(e). The Lagrangian plane A^ 
is spanned by 


{{wl,Wf,i^{r,w^),0)}j^^ u {(0,0,pf (0,6^2), u {(0, 0,p^(0, ej-), 


Df 


^_L\ ■) n—k 


Therefore, the grading of at origin is the grading of at c(e) subtracted by —If we 
extend 0c continuously over/m(c2) (note; Im{c)nlm{c 2 ) = {c(e)}), then 0c(c2(O)) = 

By an analogous calculation as in Example |4.3[ we have 

Ind{{Li\D,n - k - 1), {NI)\d, ^ ^ ^ )) = k + 1 


and by comparing it with 9c, the result follows. 

□ 


The following is a family version whose proof is similar. 

and let the dimension ofV he 
k. Assume Cq, Cl are graded with grading Or andOi. Then Ind{{Ci\T>,9r),{N*V \v, Oi)) = 
k + 1 if and only if Co#lf, ^^Ci has a grading sueh that the grading restricted to Co,Ci 
coincide with Or and Oi, respectively. 

4.4 Diagonal in prodnct 

We recall from [35] how to associate the canonical grading to the diagonal in M x M~. 

For a standard symplectic vector space iOstd) and its Wfold Maslov cover Lag^, Aq) 
based at a graded Lagrangian plane Aq, we can associate a Wfold Maslov cover Lag^ x 
]R^”',Aq X Aq). In particular, Ag x Aq is canonically graded. For any Lagrangian plane 
A c and a path 7 from A to Aq, the induced path 7“ x 7 from A“ x A to A((" x Aq gives 
an identification between Lag^ x M^”,Aq x Aq) and Lag^{R‘^'^'~ x A“ x A), 
independent from the choice of 7. This gives a canonical grading on A“ x A. 

To give a canonical grading to the diagonal A C M2n,-x]R2n^ it suffices to give once and 
for all an identification between Lag^ x M^”', A“ x A) and Lag^{R'^^~ x A). 

This is given by concatenation of two paths 

(e'^^A" X A)tg[o^|], {{{tx + Jy,x + tJy)\x,y e A})te[o,i] 

where J is an Wst^-compatible complex structure on This canonical grading induces 
a canonical grading on Am ^ M~ x M for any symplectic manifold M. 

In the following lemma, we consider our symplectic manifold being M = and 

compute the index between a product Lagrangian with the diagonal Am- 

Lemma 4.17 (c.f. Section 3 of |35|). For any graded Lagrangian subspace A cz we 

have 

Ind{A~ X A|aa, Ac^.-Iaa) = n 

where A~ x A and A^n,- are equipped with their canonical gradings in x C”’“. 


Corollary 4.16. Let Cq,Ci a (M^"',w) as in Lemma 2.25 
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Proof. It suffices to consider A = M” c <CP~ and J = —Jstd = Let zi = Xi + ^—lyi 

be the coordinates of C"" and Wi = Ui + be the coordinates of C"'’“. We consider 

the standard complex volume form Pt = dzi a • • • a dzn a dwi a • • • a dwn on C” x C”’“ 
and equip A~ x A with grading 0. We have Det^{e'^*'K~ x A) = which induces a 

grading of —| on e'^2 A~ x A. We also have Det^{{{tx + Jy,x + tJy)\x,y e A}) = 
for all t so the canonical grading on A is 

To calculate Angle{A~ x A, A), we observe that (A“ x A) n A = Span{{dxi + 

We can use A^ = (A“ x A) n A + Span{{t{dy^ + + (1 — t){—dxi + from A“ x A to 

A for the calculation of Angle{A~ x A, A). As a result, we have 2 Angle{A~ x A, A) = 
and hence 

Tl Tl 

Ind{A~ X A|aa, Acn,-|AA) = 2n + (--) - 0 - - = n 


□ 


Corollary 4.18. Let L he a Lagrangian in M. With the canonical gradings ofLxL Mx 
AI~ and A Mx M~, one can perform graded clean surgery to obtain (Lx L)[1 ]^Aa,_E2 ^- 


Proof. This is a direct consequence of Lemma 4.14 and Lemma |4.17[ 


□ 


Corollary 4.19. There is a graded clean surgery identity (S'” x S”)[l]#Asn,£;2^ = 
Graph{Tgn). 


Proof. A direct consequence of Corollary 


□ 


Lemma 4.20. There is a graded clean surgery identity 


CPt X CPT#o„pg^((CP? X CP?)[1]#A ™,E2A) = GmpL(r-i ) 

CP^ i-lr 2 


4.18 


we can obtain a graded Lagrangian L = (CP 2 xCP 2 )[1]^a m £2^- 

CP^ ’ 


Proof. By Corollary 

As explained in the proof of Lemma 13.61 and Lemma |3.8[ L is Hamiltonian isotopic to a 
Lagrangian Q cleanly intersecting with CP^ x CP^ along D°p such that Q coincide with 
the graph of a Morse-Bott function with maximum at D°p near D°p. Therefore, we h ave 
Ind{C¥^ X C¥^\dop,Q\dop) = 2m — 1. Here the first term 2m follows by Corollary 4.7 


and the second term —1 comes from the grading shift of the first factor of L. Since D°p 
is of dimension 2m — 2, we get the result by applying Lemma |4.14 □ 


The cases for 


and HP” can be computed analogously. 


Lemma 4.21. There are also graded clean surgery identities 

MP” X MP”[l]#i,op,E2((KP” X MP”)[1]#a„„,E 2A) = Grap/i(T]^pl) 

and 

HP” X HP”[-2]#,,.p,B2((HP” X HP”)[l]#A„„,i?2A) = Graph{T^^„) 
where D°^ are defined similar to Lemma\4.20l 


For family Dehn twist, we have (See Corollary 3.10) 
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Lemma 4.22. There are graded clean surgery identities 


Cs[1]#v,E 2‘^ = Graphir^^) 

Cr[1]#v‘>p,E2Cr[ 1]#'D,E2^ = Graph{T^^) 
Cc#v°p,E2Cc[^#v,E2^ = Graph{T^^) 
Ch[-2]#dop,£2Ch[1]#d,E2^ = Graph{T^^) 

where Cs (resp. Cr,Cc,Ch) is a spherically (resp. real projectively, complex projectively, 
quaternionic projectively) coisotropic submanifold. 


4.5 Primitive function on an exact Lagrangian under surgeries 

Example 4.23. Let h : L ^ M be a function and Graph{dh) he the graph of dh. With 
respect to the canonical one form, Graph{dh) is an exact Lagrangian with primitive h. 


The following lemma shows that for exact Lagrangian obtained from ordinary clean 
surgery, the value of primitive function decreases along handle. 


For the 


Lemma 4.24. Let Li, D, Nf), Hlf ,c{r) be as in (the proof) of Lemma 4.12 
canonical one form a e Q^(T*Li), we have < 0. 

In particular, if LiffjjNf) is an exact Lagrangian with primitive f with respect to a 
(cf. Lemma 6.2), then /(c(0)) > /(c(e)). 


Proof. Using the notation from the proof of Lemma 4.12 we have c(r) = (0, i^(r)e,r2 > 0, reT^^) 
and c'(r) = (0, z^'(r)ejr2,0, 67^2)- a result, 


«lc(r)(c'(r)) = <re,r2,z^'(?’)e7r2> = riy'ir) < 0 
for 0 < r < e since u' < Q. The result follows. 


□ 


The case for E2-flow clean surgery is similar. 


Lemma 4.25. Let L, D, ,c{r) be as in (the proof) of Lemma 4^4 For the 

canonical one form a e Ll^{T*L), we have < 0. 

In particular, if Lfff^ is an exact Lagrangian with primitive f with respect to a 

(cf. Lemma 6.2), then /(c(0)) > /(c(ec)). 


If is an exact Lagrangian immersion with primitive fi (ie. fi ■ L 
dfi = Ffa), then we define the energy of branch jump E : Rr —> M 


is such that 


E{p,q) = + fdq) 


which is independent of choice of primitive fi- 

Example 4.26. Using the setup in Example \4-iA then E : L ^ M is identically zero 
because E is a locally constant function on R and E{p,q) = —E{q,p). This applies to any 
double covers. 
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5 Review of Lagrangian Floer theory, Lagrangian cobor- 
disms and quilted Floer theory 

We first fix conventions for Lagrangian Floer theory in the rest of the paper, which follows 
that of |26) . Note that this is different from the homology convention of [6]. 

Let Lq, Li a (M, w) be a pair of transversally intersecting Lagrangians. For a generic 
one-parameter family of w-compatible almost complex structure J = Jt, let 

M{p-,p+) = {« : M X [0,1] ^ M : 

Us{s,t) + Jt{u{s,t))ut{s,t) = 0, 

u{s, 0) 6 Lq and u{s, 1) e Li 

lim u(s, t) = p+: 
s^+oo 

lim tt(s, t) = p-]. 

—00 

Then the Floer cochain complex CF*[Lq,Li) is generated by Lq n Li and equipped 
with a differential by counting rigid elements from Wf(p_,p+), i.e. 

dp+ = Yi 

p-sLonLi 

The higher operations are defined analogously by counting holomorphic polygons as in 
|26j . We refer thereof for the definition of the Fukaya category and will not repeat it here. 

Definition 5.1. Let Li^V- a be a collection of La¬ 

grangian submanifolds. A Lagrangian cobordism V from (Li,...,Lfc) to {L'j^,,..., L[) is 
an embedded Lagrangian submanifold in M x C so that the following condition hold. 

• There is a compact set iL c C such that V — {M x K) = x 7 *) u x 7 ') 

called the ends, where 'ji = (—oo,Xj) x {ad and 7' = {x'j,co) x {6' } for some Xi,ai,xb,b'j 
such that ai <■■■< Ok and b[ < ■ ■ ■ < b'^. 

For the grading we always choose the quadratic complex volume form on M x C to 
be the quadratic complex volume form on M times the standard one on C. When V is 
graded, the restriction induces a grading on each end. On an end, say Lj x 7*, we denote 
the induced grading as da. Since an end is a product Lagrangian, we can associate a 
grading 6 i to Li by requiring 6 i{p) = Oaip x z) for all p e Li and z e 'ji. The same rule 
applies to L'- x 7'. We use this grading convention between a cobordism and its fiber 
Lagrangians over its ends throughout. 

The main result we will utilize from Biran-Cornea’s Lagrangian cobordism formalism 
reads: 

Theorem 5.2 ([7j). If there exists a graded monotone (or exact) Lagrangian cobor¬ 
dism from monotone (or exact) Lagrangians {Li[k — l],L 2 [k — 2],.. . ,Lk) to {L'j^,[k' — 
L'i^i _]\k'—“L),. ■. ,Td, then there is an isomorphism between iterated cones inV^ Fuk{M), 

Cone{Li ^ L2 ^ • • • —> Lk) = Cone{L'y —> Ld_i ^ ^ L)) 

Here Cone{Li L 2 ^ Lk) = Cone{- ■ ■ Cone{Cone{Li L 2 ) —> L3) ^ ... —> Lk). 
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Figure 7: Projection of a Lagrangian cobordism. 

Note that, CF*{K,Cone{Li ^ La ^ ••• Lfc)) = CF*{K,Li[k- I])©---© 
CF*{K, Lk) as a graded vector space for any graded Lagrangian K transversally inter¬ 
secting Li. It explains the seemingly weird grading shift of the Lagrangians Li, L'- for the 
cobordism. 

We dedicate the rest of this section to quilted Floer theory developed in [ 33 ] | 31 | | 33 | [ 33 ] . 

Definition 5.3. Given a sequence of symplectic manifolds Mq, ..., Mr+i, a generalized 
Lagrangian correspondence L = (Lqi, ..., is a sequence such that c M~ x 

Mj+i are embedded Lagrangian submanifolds for all i. A cyclic generalized Lagrangian 
correspondence is one such that Mq = My+i- 

For a Lagrangian correspondence Lqi c Mq x Mi, Lq;^ c Mff x Mq is defined to be 
Lgi = {{x,y)\{y,x) e Lqi}. Given two Lagrangian correspondences Lqi c x Mi and 
Lia c Mj“ X Ma, the geometric composition is defined as 

Loi o Lia = {{x,z)\^y such that {x,y) e Lqi and {y,z) e Lia} (5.2) 


For the composition to work nicely, we require that: 

• the projection TToa : Lqi Lia ^ Lqi o Lia is an embedding, where Lqi Lia 
is the fiber product and vroa is the projection forgetting Mi factor 


Lqi X Lia intersects Mg x A x Ma transversally in Mg x Mi x M^ x Ma. 


In this case, the composition Lqi o Lia is called embedded. One is referred to Section 
3.3 for a non-trivial example of Lagrangian correspondence and comopsition coming from 


coisotropic embeddings. 

For a cyclic generalized Lagrangian correspondence L, the quilted Floer cohomol¬ 
ogy is defined to be 


HF*{V) = HF*{Lqi X Las ... L(^_i)r, Lia x L34 ... L^(r+i)) 

in Mg” X Ml X • • • X M^-i x Mr if r is odd, and 

HF*{L) = HF*{Lqi X Las • • • Lj.(r+i), Lia x L34 ... L(^r-i)r x Amq) 
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in Mg” X Ml X • • • X M~ x M^+i if r is even. 

It is worth pointing out that for the quilted Floer cohomology to be well-defined, L 
needs to satisfy a stronger monotonicity condition ( [351 Definitnion 4.1.2(b)]). A sufficient 
condition for this stronger monotonicity to hold for L = (Lq, Lqi,L\) is when 7ri(Loi) = 1 
m Lemma 4.1.3]). We refer readers to [35] for further details on monotonicity, as well as 
orientation, grading, exactness, and so forth for a generalized Lagrangian correspondence. 
The following theorems summarize main properties that will concern us. 

Theorem 5.4 (Theorem 5.2.6 of |35|). For a monotone (or exact) cyclic generalized 
Lagrangian correspondence L such that 

• Mi are monotone with the same monotonicity constant, 

• the minimal Maslov numbers o/Lj(j+i) are at least three, 

• Mo = Mr+i is a point, 

• = Li X Li+i for Lagrangians Li a Mi and Lj+i c Mj+i for some 1 ^ i < r 
then there is a canonical isomorphism 

HF* (L) = HF* (Loi, Li 2, ..., T(i_i)„ Li) 0 HF* (L^+i, L(,+i)(,+2 ),..., L,(,+i)) 
with coefficients in a field. 

Theorem 5.5 (Theorem 5.4.1 of [35] and Theorem 1, 2 of |18jl. For a cyclic generalized 
Lagrangian correspondence L such that 

• Mi are monotone with the same monotonicity constant, 

• the minimal Maslov numbers o/Lj(j+i) are at least three, 

• L is monotone, relatively spin and graded in the sense of Section 4-3 of f3^, and 

• T(j_i)j o Lj(j_|_i) is embedded in the sense above 
then there is a canonical isomorphism 


HF*{L) = HF*{Loi,Li2, • • •, T(i-i)i o Tj(j+i),..., L^(r+i)) 


where the orientation and grading on the right are induced by those on L. 


Remark 5.6. In Theorem |5.5| was extended to greater generality than stated here, 
which should be useful for extending our results to negatively monotone cases. 


For a symplectomorphism (p e Symp{M), the fixed point Floer cohomology can be 
defined as 

HF^iP) = HF*{/\,Graph{p)) = HF*(Graphicj)-^), A) 
where the Lagrangian Floer cohomologies take place in M x M~. 


36 



Remark 5.7. We follow the convention in m, where HF*{cj)) = HF*{Graph{(j)), A) in 
M~ X M. Therefore, we have F[F*{(j)) = HF*{A,Graph{(f))) in M x M~. 

An Aqo version of quilted Floer theory was also developed in [32]. This defines an 
Aqo structure for all generalized Lagrangian correspondence from pt to M, denoted as 
‘Juk'^{M). Any Lagrangian correspondence l)’ from M to N defines an Aqo functor from 
Tuk'^{M) to Tuk'^{N). In particular, there is an Aqq functor 

: Tuk{M- xM)^ fun{Tuk*{M),Tuk*{M)) (5.3) 

which takes the graph of symplectomorphism cj) to the action by (f. We also refer the 
reader to [21 Section 5] for a list of axioms for Mau-Wehrheim-Woodward’s functor. 

Now we restrict our concerns to the subcategory generated by two types of Lagrangians: 
product Lagrangians and graph of symplectomorphisms. Then the functor <I> reduces to 
an Aqo functor with target fun{TwTuk{M),TwTuk{M)). This is due to Abouzaid-Smith 
[2] for the case of product Lagrangians, and the simple nature of geometric compositions 
with graph of symplectomorphisms. We will denote this subcategory as Tuk{M x M), 
and the subcategory generated solely by product Lagrangians as Tuk[M x M) ^. What is 
also shown in [2| was that 

Theorem 5.8. <I> is a fully faithful functor when restricted to Tuk{M x M)^ . 

Alternatively, one may apply a close relative of defined by Ganatra m section 9.3, 
9.4]. This is an Aqo functor S : 3'uk{M x M) Bimod{Tuk{M)) (the original definition 
only include the identity symplectomorphism but this is an easy adaption). 

Bimodules which are images of product Lagrangians has the form of As in the 

case of functors, Ganatra showed a Yoneda-type proposition that S is fully faithful when re¬ 
stricted to Tuk{M X M) ^ , hence has a quasi-inverse S* from its image Bimod{Fuk{M))^. 
Hence we have the following diagram which commutes up to quasi-isomorphism. 


S* 

Bimod{Tuk{M)) ^- 


Tuk{M X MY 

..'V P . 

Y 

- ^k{M X M) - - -^ fun{Tuk{M),Tuk{M)) 

(5.4) 


6 Proof of long exact sequences 

We construct Lagrangian cobordisms associated to the surgery identities and deduce the 
long exact sequences in this section. Throughout the whole section, we assume all La¬ 
grangians in M are Z or Z/A^-graded. 

Lemma 6.1. Let L = LiYdL 2 , LiYd,E 2 I -'2 or Cif^x>,E 2 k ^2 as surgeries of graded La¬ 
grangians. Then there is a graded Lagrangian cobordism V from Li and L 2 (or Ci and 
L 2 ) to L. 
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Proof. We give the proof for L = ii#_D,E2-^2 and the proof for Liff£)L 2 and Ci#v,E 2^2 
are similar. It suffices to consider M = T*Li and L 2 = Nf) is the conormal bundle of D in 
Li. As usual, we assume a product metric on Li = Ki x K 2 is chosen and Drh{{p} x K 2 ) 
for all p e Ki so that the ili2-flow clean surgery can be performed. 

First note that Li x M intersects cleanly with L2 x iM at A* x {0}. Let the grading of Li 
be 6 i. We give a grading 6 ir to Li x M by requiring 9ir{p, z) = 6i{p) for all p e Li and z e M. 
On the other hand, we equip L 2 x iM. with grading 02i such that 92 i{p, z) = 9i{p) — 5 for 
all p 6 Li and z e M. Then we have Ind{Li x L 2 x iM|j)x{o}) = Ind{Li\D, L 2 \d) + 

/n(i(]R|o, iM|o) = Ind{Li\D, L 2 \d)- Moreover, we also have /n(i(Li|D, L2 |d) = dim{D) + 1 
by the assumption that graded E 2 -Q. 0 W surgery from Li to L 2 can be performed and 
Lemma 14.141 . 

Pick the standard metric on M. By Lemma 4.14, we can perform the graded Lagrangian 
surgery from Li x M to L2 x iM. resolving the clean intersection by a {E 2 ©M)-flow handle 
where we canonically identify T*{Li x M) as a Fii ©Fi2 ©K bundle over Li x M. 
We note that E 2 © M-flow is well-defined to give a smooth Lagrangian manifold because 
we stayed inside the injectivity radius (Lemma 2.24). Hence we have a graded embedded 
Lagrangian cobordism with four ends. 

Let TT : M X C —> C be the projection on second factor and tth = 7r| d.bjqk. We 

define S+ = {(x,y) e M‘^\y ^ x) and W = A direct check shows that VF is a 

smooth manifold with boundary 7rjj^^(0) = L. Let Wq = IFn 7r“^([—3e, 0] x [0,3e]). It has 
three boundary components, namely Li x {(—3e,0)}, L 2 x (0,3e) and L x {(0,0)}, while 
L X {(0,0)} is the only boundary component that is not cylindrical. One then applies a 
trick due to Biran-Cornea (see Section 6 of El). This yields a Hamiltonian perturbation 
ip supported on 7r“^([—e,e] x [—e,e]), so that p(VF) has all three cylindrical ends. By 
extending (p(7rjj-^(0)) to infinity and bending the cylindrical end corresponding to L 2 to 
the left, we get the desired Lagrangian cobordism V. 

Finally, by the identification of gradings from ends to fiber Lagrangians, we conclude 
that it is a cobordism from Li and L 2 to L. □ 




Figure 8: Construction of a simple cobordism. 


We call a cobordism obtained by Lemma 6.1 a simple cobordism 


When D is a 
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single point, it reduces to the usual Lagrangian surgery and Lemma [tuT] was discussed in 
Section 6 of [6] in detail. 


Lemma 6.2. Let V he a simple cobordism from Li,L 2 to L and D is connected. If Li 
and L 2 are exact Lagrangians, then L is exact and V is also exact. 


Proof. We give the proof for L = Li#d,£; 2 -^ 2 - Without loss of generality, we can assume 
M = T*Li, L 2 = Nf) is the conormal bundle. We first assume codimL.{D) ^ 2. 

Since the E2-^iow handle is obtained by a Hamiltonian flow of Nff\D, it is 

immediate that is an exact Lagrangian because Cx'^oi = dK for a function K. Let 

/i ,/2 and fu be a primitive of a restricted on Li, L 2 and respectively. Since we 

assume D is of codimension two or higher, (/j — ///)! ^ „ are locally constants and 

_ LinH^ ’ 2 

hence constants for z = 1,2, where denotes the closure of the handle. By possibly 

adding a constant to /i and / 2 , we can assume /i, /2 and fn are chosen such that they 
match together to give a primitive on L. 

Now we drop the codimension assumption and only assume codimi.{D) ^ 1. We recall 
that in the proof of Lemma |6.H the first step for constructing V is to resolve Li x M and 
L 2 X zM along D x {(0,0)}, which has now codimi^xRiD) ^ 2. This process preserves 
exactness by what we just proved. Then we cut the cobordism into a half, do Hamiltonian 
perturbation near L x {(0,0)} and extend the cylindrical end. All of these steps preserve 
the exactness of the Lagrangian and hence V is exact. The restriction of V to the fiber 
over {(0, 0)} is precisely L, proving the exactness of the surgery. □ 


Lemma 6.3. Let V be a simple cobordism from Li,L 2 to L. If Li and L 2 are monotone 
Lagrangians such that either 


(1) 7ri(Li,D) = 1 or 7ri(L2,L>) = 1, or 

(2) the image of TTi{Li) to is torsion for either z = 1, 2 


then L is monotone and V is also monotone. 

Proof. Again we give the proof for L = LiffD^E2l-‘2 and we first assume that codimLi{D) ^ 
2. For convenience we decompose L = Li u L 2 . Here L 2 is the closure of the image of 
L 2 \D under the £' 2 -flow defining the surgery, and Li is the closure of the complement of 

L2- 

In case (1) it suffices to prove the lemma when 7ri(L2, D) = 1, since the slight asymme¬ 
try of Li and L 2 will be irrelevant. First note that 7ri(C/(Il), 17(H)\H) = TTi{Nf,, Nf)\D) = 
1 by our assumption on D, where U{D) is a tubular neighborhood of D in L2. Since the 
flow handle is obtained by applying an Fi 2 -flow on Nff\D, any path in L2 with 

ends at can be homotoped to a path in Hy’^^, while Hy'^'^ in turn retracts to its 

boundary component that lies on Li. 

The upshot is, we can find for any element in 7r2(M, L) a representative zz : ^ M 

with boundary completely he in Li. Since Li is monotone, it finishes the proof for L. 

Case (2) is similar. Without loss of generality, assume the image of 7ri(L2) —> 7ri(M) is 
torsion. Take again any disk zz : —> M with boundary on L, and assume du intersects 


39 





dL2 transversally. For any segment I ^ du contained in L2 satisfying dl a dL2, one 
connects the two endpoints of dl by I' a dL2 (the relevant boundary is connected due to 
the assumption of connectedness and codimension of D). By assumption, we can take a 
disk u : —> M with dv = m[/ u /'] for some integer m. Then one may decompose mu 
so that m\u\ = \mu — u] + [u], so that dv a L2. By performing such a cutting iteratively, 
one may assume d{mu — u) c Li. Since dv retracts to L2 n L2, the monotonicity follows 
from that of Li and L 2 with such a decomposition. 


because all processes involved preserve monotonicity. The restriction to the fiber over the 
origin again removes the assumption of codim^.D ^2. □ 

Theorem 6.4 rpT|p]|8]l. Let (M, w) be a monotone (or exact) symplectic manifold and 
S'” (n > 1) an embedded Lagrangian sphere. For monotone (or exact) Lagrangians Li and 
L 2 , there is a long exaet sequence 


Now in either case the monotonicity of V is argued in a similar way as Lemma 6.2 


HF*{S^,L 2 )®HF*{Li,S^) ^ HF*{Li,L 2 ) - HF*{LuTsr.{L 2 )) 


Proof. By Lemma [3.6t Corollary 4.18 and Lemma [6.1[ there is a Lagrangian cobordism V 
from S” X S”[l] and the diagonal A to Graph{T ^„) in M x M“, where M~ = (M, —u). 


By Lemma 6.2, 6.3, the monotonicity (exactness) of {M,u}) implies the same property for 
S” X S”[l], A <= M X M~ and the corresponding cobordism V. 

In either case, Graphijg^) is a cone from S” x S” to A in the Fukaya category of 
M X M~ by Theorem 5.2 In particular, we have a long exact sequence 


-» HF*{Li X L2,S” X S”) ^ HF*{Li x La, A) ^ HF*{Li x L 2 ,Graph{Ts^)) ^ ... 

In the language of Lagrangian correspondence, we have LfL*(Li xLa, S”xS”) = HF*{Li, S”x 
S”,L 2 ) = HF*{Li,S^) 0 HF*{S^,L2) by Theorem where (Li,S” x S”,L 2 ) is a 
generalized Lagrangian correspondence in {pt} x M x M x {pt}. Similarly, we have 
HF*{Li X La, A) = LrF*(Li, A, La) = HF*{Li,A o L2) = HF*{Li,L2) by Theorem 
Finally, we also have HF*{Li x L2,Graph{Tgn)) = FIF*{Li, Graph{Tgn) o La) = 


5.5 


HF*{Li,Tsr<.{L 2 )), by Theorem 5.5 again. 


We remark that although the results in m require a stronger monotonicity assumption 
on the generalized Lagrangian correspondence, the isomorphisms we need are classical (e.g. 
it can be proved by hand-crafted correspondence of relevant moduli spaces) and require 
only monotonicity assumptions on the Lagrangians. □ 


Corollary 6.5 


In the same situation as Lemma 6 . 4 . f e Symp{M), then 


-» HF*{Tof) HF*{f) HF*{f{S^),S^) ^ ... (6.1) 

Proof. The exact sequence follows from applying the cohomological functor HF*{—, Graph{f)) 
to the cone given by the cobordism. 

□ 

The above result is predicted by Seidel m Remark 2.11] in a slightly different form 
from here. This is solely due to the cohomological convention we took. In the following 
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theorem, we assume all involved symplectic manifolds and Lagrangians have the same 
monotonicity constant with minimal Maslov number at least three. 

Theorem 6.6 ([33]). Let C be a spherically fibered coisotropic manifold over the base 
{B,lob) in Given Lagrangians Li and L 2 and assume the following monotonicity 

conditions: 


(i) the generalized Lagrangian correspondence {Li,C*,C, L 2 ) is monotone in the sense 
of and, 

(a) the simple cobordism corresponding to the surgery in Corollary 

Then there is a long exact sequence 

-> HF*{Li xC,C^x L 2 ) ^ HF*{Li, L 2 ) ^ HF%Li,tc{L 2 )) ^ . 

In particular if the spherical fiber of C has dimension > 1 or iti{M) is torsion, (ii) is 
automatic. 


3.10 is monotone. 


Proof. The proof is analogous to Theorem |6.4| with Lemma 3.6 replaced by Lemma 3.10] 
Here we give a sketch. First, (Li,C*,C, L 2 ) being monotone implies C = o C being 
monotone (See Remark 5.2.3 of [35i 
tone by Lemma 


6.3 


The Lagrangian cobordism in Lemma 3.10 


IS mono- 

It is not hard to verify vri(C', Cn A) = 1 when codimMC ^ 2. Hence, 
Theorem 5.2 applies either in this case or when 7 ri(M) being torsion, and we obtain long 
exact sequence 

- >HF*{Li X L 2 ,C) ^HF*{Li x L 2 ,A) ^ HF*{Li x L 2 ,Graph{Tc^)) ^ ... 


With our assumption on monotonicity of (Li, C^, C, L 2 ), we apply Theorem 
the desired result. 


5.5 


to obtain 

□ 


There is a similar result on the fixed point version of family Dehn twist, and we will 
not state it explicitly here. 


7 Immersed Lagrangian cobordism 


In this section, we provide a long exact sequence associated to the Dehn twist along 

m 

using immersed objects. We note the readers that this is an independent approach 
to a special case for CP"'-objects, but it yields more information on connecting maps 
(see Corollary 8.6 8.7). We achieve this by considering a reasonable immersed class of 
Lagrangian cobordisms. 


7.1 Review on immersed Lagrangian Floer theory 

We collect facts from immersed Lagrangian Floer theory that will be used later on in this 
section. Our expositions follows |5], but one may find a much more general treatment in 

HI- 

We will restrict our attention to a very limited generality of the theory. From now on, 
any Lagrangian immersions i : L 'F’- M have 


41 














• clean self-intersections which form a totally geodesic submanifold in M for some 
metric (but not a covering) 

• a Z-grading 

When M is non-compact, we assume it has cylindrical ends, and all almost complex 
structures in consideration should be compactible with these ends. We also impose the 
following positivity condition holds for all Lagrangian immersions under consideration fol¬ 
lowing [5j: 

(A) If E{p, q) > 0 for some {p, q) e R^, then Ind{p, q) ^ 3. 


Suppose Li \ Li ^ M, i = 0,1 are a pair of Lagrangian immersions which intersect 
transversally at smooth points. We define Li = ii{Li) and Rl^ := ii{RLi) to be the image 
of Li and the immersed points, respectively (see Definition 4.8), and require a genericity 
assumption R^g n Li = Rl^ Lq = 0. We will define the immersed Floer cohomology 
Li) in this setting. 

Floer cochain group and differentials. 


The Floer cochain group is the Z-graded abelian group defined as 

CF*{io,ii)-= 0 k<xi> 

XiGLo{Lo)nLl{Li) 


The differentials d : CF*{iQ, ii) —> CF*^^{lq, li) is defined using exactly the same set 
of equations (5.1) as the embedded case, with one extra condition on the boundary 


• u{s,i) £ i[Li) can be lifted continuously to curves on Li for f = 0 , 1 . 


Equivalently, the Floer strip is not allowed to have any branch jumps on the boundary. 
Orientations of these moduli spaces are handled analogously as in the embedded case, see 

mm 

= 0 . 


As usual, to prove the above-defined d indeed gives a differential of the Floer complex, 
one needs to examine the moduli space A4(p_,p+) when Ind{p-) — Ind{p+) = 2. In the 
immersed case, the compactification of A4(p_,p+) is more complicated, because we have 
a new type of bubbling as follows. 

Take any Lagrangian immersion l : L ^ M. Let D = {^; e C|||z|| ^ 1} and T 5D 
be a set of discrete points, which is called a set of branch jump marked points on 
disks, ordered counterclockwisely as {to,... ,t| 7 ’|_i) such that to is an incoming marked 
point and the others are outgoing. We denote T~ and as the set of incoming and 
outgoing marked points, respectively. Let : {0,1,..., |T| — 1} —> Rl be a function to 
specify the immersed points where branch jumps occur. We require that T ^ 0 and also 
fix a (domain independent) compatible almost complex structure J. 
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Definition 7.1. The moduli space 0 /aij’i-marfced disks is defined to be 

M{a\T\) = L; J) 

which consists of four tuples u = {u, T, a\T\i W) 

• a continuous map u :D ^ M which is smooth on D\T, 

• m(5D) 6 L, 

• dsu{sfi) + J{u{s,t)){dtu{s,t)) = 0 for all (s,t) e D\T, 

• the energy E{u) = | 5]D)\r *■5 finite 

• It is a continuous map It ■ dlD)\T —>■ L, which is called a lift, such that ll o It = 
n\di!i-T, 

• for the j-th element tj e T, we have a|T|(j) = iTis)) if tj e 

’'j j 

T~^ (resp. a|T|(j) = +- It{s)) if tj e T~), where s ^ tJ stands 

for s approaching to tJ along a counterclockwise direction, and similarly for s ^ t'^. 

We do not address the regularity for Ai{a\T\)- In any case, there is a Aut(D)-action 
on Ai[a\T\) and we define 

M{a\T\) = M{a\T\) / ^nt{p). 

Its compactification M.{a\T\) consists of stable bubble trees by standard Gromov com¬ 
pactness, where nodes all locate at Rl- We will referto such marked disks and their 
compactifications as fishtails following [T]. 

When fishtails appear as part of the compactification of M. (p_ ,p+), the strip decom¬ 
poses accordingly, where the main component is described by the following moduli space 
of marked strips. 

Given a set T along with a partition T = Tq u Ti, where Tj c M x {i} for i = 0,1, 
we call T a set of branch jump marked points on strips. All such marked points 
are required to be outgoing marked points. The points of Tq are ordered increasingly in 
M-coordinate and the points of Ti are ordered decreasingly. The type of T is the pair of 
integers tr = (|To|, |ri|). 

For a fixed type t of branched jumps we also associate to the marked strip two functions 
Oj : {1,..., |Ti|} ^ Ri for i = 0,1. We define a = (aoj oti) similar to the disk case, which 
specifies the immersed points where the branch jumps occur. 

We first define the moduli space of marked strips with fixed Lagrangian label. For 
a one parameter family of compatible almost complex structure J = 
intersection points p+ e loi^o) ^i(Ai), we consider the following. 

Definition 7.2. The moduli space of a-marked strip with fixed Lagrangian label from p- 
to p+ is defined to be 

M{p-,p+,a-,J) 

whose elements consist of four tuples u = {u, T, a, It) 
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(p, q) e Rl 



Figure 9: A fishtail-type bubble which consists of a tree of fishtails. The disk of main 
component is shown. 


• T is a set of branch jump marked points with = t fit is part of the data in a). 

• a continuous map tt ; M x [0,1] ^ M which is smooth on M x [0, l]\r, 

• u{s,i) e LiiLi), i = 0,1, 

• lim^^+oo u{s, t) = p+ uniformly in t, 

• dsu{s, t) + Jt{u{s, t))dtu{s, t) = 0 for all {s, t) e M x [0, l]\r, 

• the energy E{u) = ^ 5rx[o i]\r finite 

• It = {It,o, It,i) is a pair of continuous maps '■ K x {i}\ri ^ Li for i = 0,1, which 
are called lifts, such that iLi° lT,i = '*^|]Rx{i}\Ti 7 

• for the j-th element tj e Tq fresp. tj e Ti), we have ao{j) = (lim ^To(s)) 

(resp. afij) = (hm + fT,i(s),hm _ h,iis))) 

3 3 

If every element is regular, this moduli space A4{p-,p+, a) is a smooth manifold with 

To I Til 

dimension/ndfp-)—/nd(p+) — ^ Ind{ao{j)) — ^ Ind{ai{j)) + \T\. There is an M-action 
^ j=i i=i 

acting on M.{p-,p+,a) by translation. We define 

M{p-,p+,a) = M{p-,p+,a)/R 

which is a smooth manifold when Ad(p_,p+, a) is. When T = 0 this is the usual moduli 
of holomorphic strips. 

An element in the boundary of the compactification then consists of (an 

equivalence class of) (no,..., nn, n?,..., ..., nf,..., v^J where (po = ,Pn,Pn+i = 
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p+) is a sequence of intersection points in to Ui e A4(pi,pi+i, a^) and Vj e 

are fishtails rooted on dui. When Ind{p-) — Ind{p+) = 2 and under Assumption (A), [5l 

Lemma 6.2] shows that fishtails can be excluded. This concludes that d^ = 0. 

Continuation maps and independence of auxiliary data. 


To prove the well-dehnedness of our Floer cohomology, we need to address the inde¬ 
pendence of auxiliary data. To dehne continuation maps, we need a mild modification for 
a-marked strips (Definition |7.2| ) to moving boundary conditions. 

Suppose we have a Lagrangian immersion ti : Li ^ M, and a family of Lagrangian 
immersion Lq : Lq —>■ M, so that Lq = o to for some Hamiltonian Assume 

that tQthti for s = 0, 1 and /m(tg) n Im{L}f) n /m(ti) = 0. These intersection conditions 
allow us to not use any Hamiltonian perturbation. For convenience, we smoothly extend 
the family tg such that tg(Lo) = tQ(Lg) when s ^ 0 and tQ(Lg) = tQ(Lg) when s ^ 1 . 

For a smooth {{s,t) £ [0,1] x [0, l])-family of lom © wc-compatible almost complex 
structure = (Js,t) such that Js^t = Jo,t for s near 0 and Jg^t = Ji,t for s near 1 , two 
intersection points p- e tg(Tg) n ti(Li) and p+ e tg(To) ^ a typ® t = (|2^i|, \T 2 \) of 

a set of branch jump marked points on strips, an associated pair of functions a = (ao, “i), 
we are interested in curves in the following moduli. 

Definition 7.3. The moduli space of a-marked strip with moving Lagrangian label from 
P- to p+ is defined to be 

M"^{p-,p+,a) = M'^{p-,p+,a]Js) 
which consists of four tuples u = {u, T, a, It) 

• T is a set of branch jump marked points with tr = t 

• a continuous map u : M x [0,1] ^ M which is smooth on M x [0, l]\r, 

• n(s, 0 ) 6 Lq{Lo), u{s,1) e h(Li), 

• lim^^+oo u{s, t) = p+ uniformly in t, 

• dsn(s, t) -\- Js^t{u{s, t))dtu{s, t) = 0 for all {s, t) eM. x [0, l]\r, 

• the energy E{u) = | i]\r \du\‘^ is finite 

• It = {It,o, It,i) is a pair of continuous maps lT,i '■ M x ^ L* for i = 0,1, which 

are called lifts, such that (ig) o Ita = it|Rx{o}-ro '-i ° ^T,i = '^^|rx{i}\Ti, 

• for the j-th element tj e Tg fresp. tj e Ti), we have ao(j) = (1™ +- /r,o(s), hm ,+ Irflis)) 

(resp. ai{j) = (lim ,+Zt,i(s), hm _ Zt,i('S)) j 

3 3 
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If every element is regular, this moduli space Ai'^{p-,p+,a) is a smooth manifold 

1^01 |Ti| 

with dimension Ind{p-) — Ind{p+) — ^ Ind{ao{j)) — ^ Ind{ai{j)) + \T\. There is no 
^ i=i i=i 

M-action acting on a) by translation so we define 

M'^{p-,p+,a) = M'^{p-,p+,a) 


As in the embedded case, we define continuation maps by considering a dimension 
0 moduli space AI”^(p-,p+) with type t = 0 and prove such moduli problem gives a 
chain map between CF{lq,li) and CF{lq, li). To this end, we examine the boundary 
of dimension 1 moduli of the same type. Again in the immersed case, the new issue is 
the possible existence of fishtails bubblings, and the rest of the boundary components 
contributes to the chain map. With assumption (A), Alston-Bao 0 Lemma 6.2] again 
eliminated the fishtail bubblings similar to the proof of = 0. This shows the continuation 
map defines a chain map between CF{iQ,ii) and CF{iQ,ii). 

The last step is to show that such continuation maps give isomorphisms on cohomol¬ 
ogy. This again follows from the original argument of Floer: we consider a family of con¬ 
tinuation data, namely a (r, s)-parameter family of Lagrangian immersions (io*)r,ss[o,i] 
(induced by (r, s)-parameter of Hamiltonian) interpolating * and together with a 
(r, s, t)-parameter family (dr._s,t)r,s, 4 e[o,i] interpolating and to construct a chain 

homotopy between the two continuation maps, by considering the boundary of a moduli 
space M.{p-,p+]Jr,s) defined analogously to Definition 7.3, where ind{p-) = ind{p+) — 1. 
We then again examine the boundary of a one dimensional moduli space of such shape, 
which gives the desired chain homotopy identity. The key is again to use Assumption (A) 
to exclude fishtail bubbles by a dimension count argument, and the rest of the proof is 
routine which we will not reproduce here. 


7.2 Immersed Lagrangian cobordism theory 

7.2.1 Immersed Lagrangian cobordisms and testing Lagrangians 

In this subsubsection, we extend the Lagranian cobordism theory in to the immersed 
Lagrangian Floer setting ([5]). We assume (M, cj) is exact, 2ci(M) = 0 and any compact 
oriented exact Lagrangian immersion is equipped with integer grading. 

We first introduce the notion of immersed cobordisms. 

Definition 7.4. Let t : L ^ (M,u}) be an immersion with clean self-intersection. A 
pinched Lagrangian associated to t is a Lagrangian immersion with clean self-intersection 
1 : L ^ M X C so that 

• there is an open embedding L^ : L x M. ^ L so that its closure is also embedded. We 
then identify L x M. as a subset of L, 

• for some to e IK and zq e C, 'Az\{Lx{to}) embedding, andZ{x,to) = {l{x),zo) for 

all X e L, 
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there is a neighborhood U of zq such that (vrc o'i)~^{U) c L x M and the projection 
Im{TTc°T) r^U is a double cone region (pinched region) bounded by two straight line 
segments on C. 


In this case, T{Lx {io}) Is called the Lagrangian bottleneck, zq is called the bottleneck 
on C and M x { 2 : 0 } is called the bottleneck. When it is clear from the context, we use 
bottleneck to refer to 7{L x {to})? zq or M x {zq}. 


Most cases we will use pinched Lagrangians with domain L = L x M, but later on we 
need the full flexibility of pinched Lagrangians (see Lemma 7.27). We remark that if i is 
an embedding and 7 : M ^ C is a simple smooth curve, i x 7 is also considered a pinched 
Lagrangian because we allow the two straight lines on C forming the “double cone” region 
to be the same line. 


bottleneck 



t < -2 



Figure 11: A picture of immersed cobordism and horizontal isotopy. 70 consists of the red 
line and the blue line, while 71 consists of the red line and the green line. They illustrate 
the ends of an admissible horizontal isotopy from to i 7 v,i- 

Definition 7.5. For Lagrangian immersions '■ Li —> {M,uj) and : L( {M,uj), 
a Lagrangian immersion ty '■ V —>■ (M x C,ujm © <nc) is an immersed Lagrangian 
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cobordism with bottlenecks from ..., to ; • ■ •;'-l') if there is K' = 

k' 1 


[—1,1] X (—Kv,nv) C such that i'v\v\r''-{MxK') ® disjoint union of pinched La- 

grangians 


Zi : Li = Li X (— 00 , — 1 ) —>■ M X C, 
Zj : It = Lt X (1,00) ^ M X C, 


We assume the Lagrangian bottleneck ofZi (resp. Zj) beingZi{Li x {—2}) (resp. Zj{L'- x 
{2})), whose bottleneck on C being Zi (resp. Zj). We also require Re{zi) = —2 (resp. 
Re{zt) = 2) and Im{zi.^) < Im{ziZ} ii < ^2 (resp. Im{zt^) < Im{zt^) for ji < j 2 ). 
Finally, we require Im(Zi) u Im((Zj) c M x {—Kv,n,v). We callZi the negative ends and 
Zj the positive ends, and K = (—2,2) x (—kv,kv) is called the body. 

Definition 7.6. A testing curve 7 : M ^ C is a smoothly embedded curve satisfying the 
following conditions: 

(1) The projections to axes ttx ° 'y{t) is non-decreasing and -Xy o ^(t) is non-increasing 


( 2 ) 



2 when t e [— 2 , — 1 ] 
2 when t e [ 1 , 2 ]. 


and is strictly increasing otherwise. iTy 07 ( 1 ) is strictly decreasing when t e [-2,-1] or 
[1, 2], and is constant when |t| > R for some ReM.. 

A testing Lagrangian is a product of Lagrangian immersion ln : N ^ M with some 
testing curve 7 , denoted as iAr ,7 ■ ZZ x M ^ M x C. 

Definition 7.7. Let { 75 } be a Hamiltonian isotopy (not necessarily compactly supported) 
from 70 to 71 within the class of testing curves in C, requiring the image of 7 ^ overlaps 
outside a sufficiently large compact set for all s e [0,1] . Then the product of such a family 
with tj\f : N ^ M , denoted as x 7 ^ — > M x C, is called a horizontal isotopy. 

We alert the readers that the definition of horizontal isotopy here is different from the 
one in [6] although they are similar in spirit. 

Definition 7.8. Let by he an exact immersed Lagrangian cobordism with bottlenecks from 
[iLx: ■ ■ ■ HLk) to {bL'y-: ■ ■ ■ Hl\) with body K = (—2,2) X (—Ky, Ky). admissible test¬ 
ing curve with respect to by is a testing curve 7 such that the following holds: 

• 7 passes through (— 2 ,Ky) and {2,—Ky), 

• ifzito) lies on a bottleneck of by on C, then t^ e [—2,-1) or toe (1,2) (equivalently, 
7 '(t) is pointing downwards). 

For any exact Lagrangian immersion with clean self-intersection bjy : N ^ M, if 
i'N,'y = I'NX'J intersects by transversally at smooth points, then tv ,7 is called an admissible 
testing Lagrangian. 

Lastly, an admissible horizontal isotopy bN,s : N x jg —>■ M x C is a horizontal 
isotopy such that tv.o o,nd tv,i are both admissible testing Lagrangians, which satisfies 

Im{bN,o) ^ Irn{bN,i) nV = 0. 
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Main Statement 


Let by be a graded immersed Lagrangian cobordism with bottlenecks in M x C and K = 
(—2,2) X (—Kv,Kv) be its body. Let /-tv, 7 = /-tv x 7 be an admissible testing Lagrangian. 

A semi-admissible almost complex structure of M x C is an a;Tu©wc-compatible 
almost complex structure J such that it is product-like (J = Jm © Jc) outside M x 
K. A semi-admissible J is admissible if there is an open set K' with Cl{K’) a K 
such that J is product-like outside M x K' (note that this includes a neighborhood of 
dK). An admissible (resp. semi-admissible) Floer data J = {J/}tG[o,i] is a choice of 
a smooth family of admissible (resp. semi-admissible) almost complex structure. We 
remark on the various admissibility conditions. The admissibility of the testing Lagrangian 
and horizontal isotopy implies that they are in a generic position without perturbation, 
hence we do not include a Hamiltonian in the Floer data because we focus on the Floer 
cohomology between iTVx 7 and by in this paper. Admissibility of J is convenient for actual 
computations (see Theorem 7.21), while the semi-admissible Floer data is more flexible 
on the technical level. 

The main result of this subsection is the following. 


Theorem 7.9. Let by he an exact immersed Lagrangian cobordism with bottlenecks from 
(/-TTi,..., /-Lj.) to [b^i ,..., /-jT') such that all 1 ^., b^i, satisfy the Assumption (A). Let bjy^ 
he an admissible testing Lagrangian such that bjy satisfies the Assumption (A). Then for 
generic choice of admissible Floer data J, the immersed Lagrangian Floer cohomology 
HF{bN,'y, t^v) = 7 L(C'T(/.tv, 7 ,/-y, J), d) is well defined, independent of the choice of regular 
J and is invariant under admissible horizontal isotopy of b^^^. 

The actual proof is carried out by passing to semi-admissible Floer data: admissible 
data will be crucial for comparing the Floer cohomology between cobordisms with those 
on the bottlenecks, it does not provide enough genericity on a technical level. 


holds for generic choice of semi-admissible Floer data J. 

From now on, a Floer data is a semi-admissible Floer data and any (family of) com¬ 
patible almost complex structure is taken in the space of semi-admissible almost complex 
structure, unless specified otherwise. 


Theorem 7.10. Under the assumption of Theorem \ 7. the conclusion of Theorem 7.9 


Note on a convention: For ease of notations, we sometimes use Vq in place of A x 7 , 
Vb,s in place of A x 7 ^ and Vi in place of V in the rest of the section. 

The well-definedness involves several steps. The first of which is to address the reg¬ 
ularity of all rigid Floer strips. Secondly, we have to address the compactness of the 
moduli spaces of rigid Floer strips. These two steps guarantee that the differential d is 
a well-defined map. Thirdly, we have to address the regularity as well as the Gromov 
compactification of one dimensional moduli of Floer strips to prove d o d = 0. The in¬ 
dependence of J uses the standard cobordism argument. Finally, the invariance under 
admissible horizontal isotopy results from the regularity and Gromov compactification 
consideration of Floer strips with moving boundary condition. 
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We highlight several ingredients that are needed in our setting. Since we require J to 
be product-like at the bottlenecks, there can be non-generic pseudo-holomorpic polygons 
on bottlenecks no matter how generic J is. However we show that Floer strips are regular, 
which essential follows from a similar consideration in [7]. For compactness, we need the 
bottlenecks and the treatment in [7] to argue that the curves we interested are inside a 
fixed compact set. In the meanwhile, since our Lagrangians are immersed, bubbling at 
immersed points could possibly appear in the Gromov compactification in a priori. If it 
happened, the argument would break down, say the differential might not square to zero. 
This will be eliminated by the Assumption (A) and an index computation modified from 
0 . 

7.2.2 Curves of interests and their compactness 

Following the general theme of immersed Lagrangian Floer theory, what we need to ex¬ 
amine is the compactness and regularity of following moduli spaces of holomorphic curves 
as well as excluding the fishtails bubbling. 

Definition 7.11. We call curves in the following moduli spaces the curves of interests: 

• Al(p_,p+,a, J), p+ 6 iva n ivi, 

• Al™’(p_,p+, a, Js), p- e iArpniy, e for an admissible horizontal isotopy 

• A 1 (q;|' 7 ’|, Vb; <7) and A4{a\rp\,Vi; J), which appears in the boundary of the above two 
moduli spaces. 

The difficulty of compactness lies in that, immersed Lagrangian cobordisms with bot¬ 
tlenecks are non-compact Lagrangian submanifolds of M x C with non-cylindrical ends 
thus the usual compactness theorems of holomorphic curves does not apply. Instead, we 
follow the idea of Biran and Cornea of projections to the C-factor. We first recall the 
following Proposition in [7], which is an application of open mapping theorem. 

Proposition 7.12 (Proposition 3.3.1 of [7]). Let be a connected Riemann surface (pos¬ 
sibly with boundary) and u : S —> C 6 e a holomorphic map. If u(T,) n U 0 for some 
connected open subset U of C such that 

• u{d'E) r^U = 0, and 

• (rt(S) -n(S)) r^U = 0 
then U cz m(S). 

The bottleneck feature of V has the following consequence. 

Lemma 7.13. For any curve of interest u : F, ^ M x C, we have Im{u) c M x Cl{K). 
Moreover, one of the following is true: 

• /m(7rc o u) n, K 0. 
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Im(7rc on) is a point of bottleneck. 


Proof. First of all, note that the boundary punctures of u are mapped to either an im¬ 
mersed point or an intersection Ly i'N,'y Therefore, the images of ttc o n must be 
precompact hence bounded. 

It is clear that vrc o n c Cl{K) u vrc(F). Otherwise, say if n is a marked strip, ttc o n is 
either an unbounded region by Proposition 7.12, which is a contradiction; or is a constant 
map to a point outside Cl{K), violating boundary conditions of curves of interests. On 
the other hand, say if u is a fishtail, it could have boundary on and nc o u maps 
to a point on ^\Cl{K) but such curves cannot appear on the boundary component of 
M{p-,p+,a,i), or M'^{p-,p+,a,3s). 

We now argue that, if Im{u) n {M x K) ^ 0 then ttc o tt(S) n {'kc{V)\CI{K)) = 0. 
Assume the contrary, let zi,Z 2 e S with ttc o u{zi) e 7rc(V)\Cl(K) and vrc o u(z 2 ) e A". 
Take any path joining zi and Z 2 in S and stays inside interior of S except possibly at 
endpoints, there is a point z 6 S such that u{z) lies on a bottleneck (the path has to be 
projected within the shaded area in Figure 11 when it is outside K by what we proved). 
The open mapping theorem applied to vr^ o u{z) immediately yields a contradiction to 
TTC o U <= Cl{K) U TTc{V). 

Lastly, if Im{u) n {M x K) = 0, we want to show that Im{u) is on a bottleneck. 
Again assume the contrary. We first examine the case when tt is a marked strip with 
fixed boundary conditions. By the boundary conditions, the two asymptotes of u get 
mapped to a bottleneck, say M x {zo}. Moreover, the image of M x {0} projects to 7 
and hence project constantly to zq, which contradicts the open mapping theorem on C 
(with reflection principle) if ttc o u is not constant. Hence Im{u) is on a bottleneck if 
u is a marked strip with fixed boundary conditions and Im{u) n (M x K) = 0. The 
case is similar for the moving boundary case. Finally, fishtails that completely lie outside 
M X Cl{K) might exist, but will never appear on the boundary of the moduli of the first 
two kinds of curves of interests: before bubbling off such a fishtail, the marked strips 
have to stay completely outside M x K, while we just proved such strips have to lie on a 
bottleneck, leading to a contradiction to Gromov’s compactness. 

□ 


7.2.3 Regularity 

We address the regularity by the following Lemma. 

Lemma 7.14. For generic choice of semi-admissible Floer data J (resp. J* for curves 
with moving boundary condition), the following curves of interest are regular 

• a-marked Floer strips u with fixed (resp. moving) boundary condition such that 
Im['K 2 o u) r\ K 0, and 

• marked Floer strips without branch jumps. 

Note that marked discs and marked Floer strips with at least one branch jump marked 
point that completely lie on the one of the bottlenecks are not necessarily regular for 
generic semi-admissible data, but this will not concern us. 
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Proof. If tt is a a-marked Floer strip (possibly with moving boundary condition) such 
that Im{TT 2 o u) n K 0, then it is regular for generic J (or J*) because we impose 
no constraint on J (or J^) in M x K (See [[H]]). We remark that Vq and Vi being 
transversally intersecting at smooth points and Vb,o kb,i n Vi = 0 in the definition of 
admissible horizontal isotopy are needed for us to find the generic J. 

Now, we assume u is a Floer strip without branch jumps with Im{u) n M x K = 0. 
By Lemma 7.13 together with the boundary conditions, Im{u) must lie on a bottleneck 
with fixed Lagrangian boundary condition. 

We want to argue that although J is not a product near the bottleneck (it is a product 
at the bottleneck), when studying the regularity of these u, we can still assume the Cauchy 
Riemann operator splits and it suffices to study the surjectivity of the operators in the 
two factors individually. The following Lemma explains why the operator splits when J is 
domain-independent. The situation for domain dependent J does not impose additional 
difficulties by identifying J-holomorphic map as J-holomorphic section of S x M ^ S, 
where J is a domain-independent vertical almost complex structure induced by J (See 
Chapter 8 of [19], or Section ( 8 /i), ( 8 i) of [26]i. 


Lemma 7.15. Let J be an u}0ioc- compatible almost complex structure such that J\mx{C\k) 
0J^ is a product in M x (C\iL). //u : S = M x [0,1] —> M x C is J-holomorphic with 
boundary conditions u(s, 0) e Vq, u{s, 1) e Vi and asymptotic to p-,p+ e Von Vi such that 
Im{u) lies on a bottleneck, then the linearized operator Du ■ x C))) — > 

AP'^0ju*T{M xC)) splits as a direct sum of two linearized Cauchy-Riemann op¬ 
erators : kF^’P(S,n*(rM)) ^ 0jv u*TM) and 

1F^-1(S,A0’1 0JH u*TC). 

Here is the Cauchy-Riemann operator when u is considered as a J""-holomorphic 
curve on the fiber, and is a linearized operator of a constant solution for a Cauchy 
Riemann problem with moving boundary condition. 


Proof. Let : M x {i} — > V) be such that ty. o h = u|Kx{i} for i = 0,1. Without loss of 
generality, assume the bottleneck is Mx {zi}, and the corresponding Lagrangian immersion 
on this bottleneck is The linearized Fredholm operator is given by 

Duf, = T]ds — J{u)r]dt 

where g = + J{u)dtf, + d^J{u)dtu) and ^ 6 u*{T{M x C))) satisfies ^(s, i) 6 

It TV. 

Notice that we have a canonical splitting = Tf ©T(*. Here, the vertical 

splitting is given by Tf = {u e TV\dVv){'c) £ T{M x {zi})} which is rank n and the 
horizontal rank 1 splitting is given by = {u e ^^L- 1 (a 4 'x{ 2 i})° ^v){v) = 0 }. 

We note that being well-defined and of rank 1 uses the fact that by is Lagrangian. 

There is also a canonical splitting of T[N x 7 ) as Tq 0Tq. Therefore, the domain of Du 
splits. If we write u = {u", u^) = {ttm o u, ttc o u), then the first summand Dorn""(Du) of 
domain of Du is {0 6 u*{TM))\0{s, i) e ltTf,i = 0,1} and the second summand 

Domf‘{Du) is defined similarly. Obviously, the target of Du also canonically splits into 
vertical Tar^{Du) and horizontal Tar^{Du) components because J splits in the image of 
u. 
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We define : Dom‘^{Du) Tar^{Du) to be 

= Tj^ds - riu^)7j^dt 

where rf = + J'^{u^)dtC + d^v J'^[u")dtu") and similarly for : Dom^{Du) 

Tar^{Du)- We claim that for any e Dorny{Du) and e Dom^{Du), we have 

Die + Dte = Duie+e) 

The only less obvious equality is d^v J'" {u'")dtvy + d^hJ^{uedte = d^vj^^hJ{u)dtu. This 
involves the the first order derivative of J. Since J is product-like over M x {C\K), the 
first order derivative of J can be computed in this product-like region (The key point is 
that this set is closed and includes M x {zi}). Therefore, we have Du = D^ © D^. 

Finally, we want to explicitly identify geometric meaning of D^ and D^ as linearized 
operators. The first operator D^ is exactly the linearized operator obtained by regarding 
u'" : Ti ^ {M, ui, J'") as a J’^-holomorphic map with fixed Lagrangian boundary conditions 
on N and Li. The second operator D^ is the linearized operator of the constant J^- 
holomorphic map : S —> (C,a;c,^^) with moving Lagrangian boundary conditions 
u^(s, 0 ) e 7 and u^(s, 1) e 7 ^, where 7 ^ is a family of lines such that = d{7rc o 

iy)T(*(u(s, 1)) and T(^(rh£,l)) is the horizontal component of the canonical splitting of 
TV at /i(s). See Figure [l^ for the part. 

□ 



Figure 12: The moving boundary problem for 


Next, we want to examine the Fredholm indices of Dl and D^ coming from the split¬ 
ting. 

Lemma 7.16. Letp-,p+ e NnLi (resp. p-,p+ e NnL'j). Let p_ = p- x Zi,p+ = p+x zi 
(resp. p- = p- X z'pp+ = p+ X z' ) he the corresponding points on the bottleneck M x Zi 
(resp. M X Zj). Then we have Ind{p-) — Lnd{p+) = Ind{p-) — Lnd{p+)- 

Moreover, any Floer strip without hraneh jump marked points from p- to on the 
bottleneck is regular for generic choice of J that is product like in M x (C\iL). 


Proof. We assume the bottleneck is M x {zi} and the corresponding Lagrangian immersion 
is . As mentioned in the proof of Lemma 7.15, we have a canonical splitting of Tp_^ {N x 
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7) = rp^(A^) ©r^i7 := T^{p±) ®T^{P±) and Tp^V = Tf (p+) ©Tf(p+). Here, we have a 
canonical identification T{'(p+) = Tp^Li. We also have, for all x 6 Li = Vi n M x {zi], 
that T^{x) is transversal to T^i 7 = T^p(p_|_) 7 , by viewing them as two lines in C. 

Hence the index calculation splits as 

Ind{Tp^Vo,TpM = Ind{Tp^N, T^^Li) + Ind{n,j, T^^{p+)) (7.1) 

By assumption, Li is connected and is transversal to r/*(x) for all x e Li. 

This implies that 

Ind{T,,y,T'^{p^)) = Ind{T,,y,T'^{p+)). (7.2) 

As a result. 


Ind{p-) — Ind{p+) 

Ind{Tp_ Ho, Tp^ ) - Ind{Tp^ Hq , Tp^ ) 

Ind{Tp_N, Tp_Li) - Ind{Tp^N, Tp^Li) 
= Ind{p-) — Ind{p+) 


The first and last equality are from definitions. 

Finally, by Lemma 7.15[ we can split the linearized operator Du into the vertical 
component and the horizontal component D!^. The operator D)) is surjective for generic 
choice of family of lo compatible almost complex structure in {M,uj). The operator 
can be identified as the linearized operator of constant map from strip to C with moving 
boundary condition and of index zero. This is surjective by automatic regularity (See 
Section 4 of [28] and compare to Section 4.3 of HI)- □ 


This finishes the proof of Lemma 7.14 


□ 


The next lemma addresses the regularity for admissible J in view of Theorem |7.9 


Lemma 7.17. For generic choice of admissible Floer data J, the following curves of 
interest are regular 


a-marked Floer strips u with fixed boundary condition such that Im{'K 2 °u) H 0, 
and 


• marked Floer strips without branch jumps with fixed boundary condition. 

We do not address regularity for curves with moving boundary condition for admissible 

J.. 

Proof. We choose an open set K' with Cl{K') a K such that Vq(^Vii^ (M x K) ^ M x K' 
and the connected components of Vi\{M x K') are in bijection with pinched Lagrangian 
ends of Vi. 

We first establish the following lemma about a marked Floer strip u having both 
asymptotic points on the bottlenecks. 
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Lemma 7.18. Let J be an admissible Floer data. If both asymptotic points of a marked 
Floer strip u with fixed boundary condition are on the same bottleneck, then u completely 
lies on the bottleneck. 

If, instead, the two asymptotic points lie on different bottlenecks, then Im{'K 20 u)r\K' 

0 - 


Proof. First consider the case that the two asymptotic points of u lie on the same bottle¬ 
neck, say M X {^o}- Let J be product-like away from M x K' 

Since u(M x {0}) Vq and the two asymptotes project to zq, we have that 7 r 2 o 
tt(M X {0}) = Zq as in Lemma 7.13 Moreover, 7 r 2 o n is holomorphic over C\K' apart 
from branch jump marked points (ie. 7 r 2 o n|(^ 20 u)-i(c\ii:') is holomorphic). In particular, 
7 r 2 o n is holomorphic near M x {0}. By reflection principle, we can extend the domain of 
^^2 ° '*^l( 7 r 20 M)-i(c\A'') across M x { 0 }, but this extended holomorphic map sends M x { 0 } to 
Zq. This concludes that 7 r 2 o u|(^20u)-i(c\ii:')’ hence 7 r 2 o u, is a constant. 

The second half of the lemma is obvious because the two different asymptotes guarantee 
that Im{u) intersects at least two different connected components of Vi\(M x K') and 
hence the boundary condition on u implies u(R x {1}) n (M x K') ^ 0, where the almost 
complex structure has full genericity. □ 


Now, we continue the proof of Lemma 7.17[ 


If a marked strip u intersects M x K, then by Lemma 7.18, the two asymptotes of u 


are either on different bottlenecks or one of them is not on a bottleneck. In either case, u 
must intersect M x K', and hence regular for generic admissible J. 

We now address the regularity of a marked strip u that has no branch jump. It suffices 
to consider u that does not intersect M x K, in other words, u that completely lie on 
a bottleneck. The regularity of these u for generic admissible J can be argued as in the 
proof of Lemma |7.14[ □ 


7.2.4 Positivity assumption on cobordism 

Lemma 7.19. The Lagrangian immersions iy and i 7 v ,7 satisfy Assumption (A) if t^N, 
and all immersed points of ty in M x K satisfy Assumption (A). 

Proof. We start by computing the energy on the cobordisms. For any immersed point 
{p-,p+) 6 Rnxj, we write it as (p_,p+) x z for the corresponding (p_,p+) e Rjy and 
z e C. By taking a split primitive one form a © ac and a curve I a N with ends at p- 
and py , one has 

E{p-,p+) = + «c) = E{p_,p+). (7.3) 

where I = I x z. This computation also applies to immersed points on bottlenecks of 

F. 

We now consider the index part. For the A x 7 case, a direct calculation gives 
Ind{p-,p+) -t 1 = Ind{p-,p+) which implies the conclusion for A x 7 . 

For an immersed Lagrangian cobordism with bottleneck ty, let (p_,p+) e 7?^^ be a 
branch jump type at the bottleneck Li a M x {zi}, and denote (p_,p+) = (p_,p+) x 


55 









{zi} cz Ry. Let Tp^ = {div){Tp^V). We can write Tp^ = rf(p+) ©T/*(p+), where 
T|'(p+), r^(p+) are the vertical part and the horizontal part in Tp^V explained in Lemma 
7.16[ Since the quadratic complex volume form defining gradings splits, the grading 
of Tp^ and Tl{p+) determines a grading on T^^(p+), denoted as 6\. We claim that 
Ind{{T^{p.),9'l_),{T'^{p+),e'l)) = 0 or 1. 

Take a path l{p-,p+) c Li x {zi} with ends at p+. l{p-,p+) induces a path of 
graded Lagrangian subspace as above from the grading of V, which decomposes similarly 
as before. The horizontal component as a path in Gr^g{C), is bounded within 

the conic region on the plane specified by the bottleneck, which has to have index 0 or 1. 
This index coincides with Ind{{Ti{p-),9^),{Tl^{p+),9^)). 

Therefore, we have 


Ind{Tp_,Tp^) = Ind{p-,p+) + e{p-,p+), e{p-,p+) = 0 or 1. (7.4) 


Combining this with (7.3) the result follows. 


□ 


7.2.5 Proof of Theorem 17.101 


We now may prove the well-definedness of Ly) and the invariance of admissible 

isotopy. The usual proof sketched in Section [7. 2. 1| mostly applies: we study the boundary 
moduli space of holomorphic strips with no branch jumps, M.{p-,p+,a = 0, J), for index 
gap Ind{p-) — Ind{p+) = 2; and A4™(p_,p+, a, Jg), p- e n ly, e ijv,o ^ for an 
admissible isotopy and Ind{p-) — Ind{p+) = 1 (for the chain homotopy, consider a 
family version of latter moduli space with zero index gap). What we need to reconsider in 
our situation is the compactification for these moduli spaces, and the absence of fishtails. 


The compactness was essentially proved in |7.2.2t because the only part to address is 
that the pinched ends are usually not cylindrical in an ordinary sense. But we showed in 
Lemma |7.13 that any holomorphic curve in the above moduli spaces has to project into 
Cl{K) in the semi-admissible setting, hence reducing the problem to ordinary Gromov 
compactness theorem. 

For the fishtails, we have the following lemma for generic semi-admissible data: 
Lemma 7.20. Let u be a stable curve on the boundary of a moduli spaee of the first two 


kinds among curves of interests (Defimition 7.11). Suppose u consists of a single marked 
strip uq (possibly non-regular) with k (7c ^ Ij branch jumps, together with fishtail bubble 
trees Vj rooted at the branch jumps of uq. Then the index of u is at least three. 


Proof. We first assume uq is non-regular. By Lemma 7.14, a non-regular marked strip 
from to p+ must lie on a bottleneck. Since the almost complex structure is product 
like at the bottleneck and we choose it to be regular on fibers, this marked strip is regular 
when viewed as a strip in (M, w) (from to p+). Therefore, calculated on M, Ind{p-) — 
Ind{p+) — Xif=i Ind{a{i)) + k — 1 ^ Q, where a{i) are the branch jump marked points O 
Corollary 5.6]. This implies 
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> 


Ind{p-) — Ind{p+) 
Ind{p-) — Ind{p+) 
J]{Ind{a{i)) - 1) + 
3 


(Lemmc 7.161 


The sum of indices of uq and vj equals Ind{p-) — Ind{p+) by definition, which is 
at least three in turn. The proof when u is regular is a similar index computation and 
easier. □ 

For the definition and invariance of immersed Floer theory involving cobordisms, we 
do not need to consider the moduli space with index gap 3 or higher. This implies we 


recover the absence of fishtails for all relevant cases, hence concluding Theorem 7.10 


case, 


Lemma 7.17 


Proof of Theorem 7.9. We first make one observation. From the proof for semi-admissible 
already guarantees the Floer cohomology is well-defined (compare 


Lemma 7.14) because the well-definedness does not involve any moving boundary con¬ 
dition. 

To show that the Lagrangian Floer cohomology is not only well-defined but also invari¬ 
ant under admissible horizontal isotopy, a direct attempt would be to address the regularity 
for marked strips with moving boundary conditions for Lemma |7.17 


as m 


Lemma |7.14[ 

However, there is no obvious reason that it is true and we bypass this issue as follows. 

If L]\f,s is an admissible horizontal isotopy from r7v,o to i-n,i and Jq, Ji are generic admis¬ 
sible Floer data that computes the Floer cohomology for F 7 F(ijv, 0 ) w) and ty), 

then there is a generic choice of semi-admissible J* connecting Jq and Ji inducing a chain 
map (which is also a chain homotopy) from ty) to CF{ij\f^i, ty), by Theorem 

7.10[ The invariance under admissible horizontal isotopy is hence concluded. □ 


7.2.6 Biran-Cornea’s cobordism exact sequence in the immersed setting 

Theorem 7.21. Let ty be an exact immersed Lagrangian cobordism with bottlenecks from 
(iij,..., iLfc) to (i^,',,■■■, such that ll- and all interior immersed points of i{V) satisfy 
Assumption (A) for all i, then for any cleanly immersed Lagrangian ln whieh is not a 
eovering and satisfies the positivity assumption, we have 


Cone{CF{t.N, 


CF{LN,iLk)) = Cone{CF{LN,tL',) 


CF{LN,tL'^)) 


Proof. The main idea of the proof follows from [HI Theorem 2.2.1]. By [5], FtF^Liy, is 
invariant under Hamiltonian isotopy in M as long as (A) is satisfied. Therefore, we can 
assume Liy intersect transversally at smooth points for all i, possibly after a Hamiltonian 
perturbation of ^at. Similar restrictions applies also to L'-. 

Let 7 be an admissible testing curve passing through only bottlenecks of L'- and 7 


passing through only bottlenecks of Li (eg. 7 = 70 and 7 = 71 in Figure 11). Then t 
and r 7 v ,7 admissible testing Lagrangian with clean self-intersection that are admissible 
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horizontal isotopic. Also , we have i 7 v ,7 = N n u ■ ■ ■ u Lj^,) and n ^ = 

N n (Li u • • • u Lk). 

By Theorem |7.9[ for a generic admissible Floer data (H = 0, J), the Floer cohomology 
iy) and CF{L]\f^xf, Ly) are well-defined and chain homotopic, which we will identify 
the two cochain complexes with an iterated mapping cone. It suffices to focus on rjv ,7 
below. 

Note that all intersections ijv ,7 ^ ^ are contained in the bottlenecks and we consider 
Floer strips between them. Note also that for any holomorphic strip u, from Lemma 


7.13 one has ds{TTc o u){so, 0) points upward or vanishes in the complex plane, as long as 


TTc o tt(so, 0) e dK. 

This simple fact has two consequences. Firstly, if a strip u without branch jumps 
does not have vrc o tt(M x {0}) being a constant, the two asymptotes of u are on different 
bottlenecks and u contributes to the differential from the bottleneck of Ljg to Lq for 
some io < ii- Consequently, if vrc o u(M x {0}) is a constant, then u completely lies on a 
bottleneck by Lemma 7.18 and contributes to the differential from the bottleneck of Li 


to itself for some i. This gives a filtration of Ly). 

Secondly, for two points p+ e i 7 v ,7 ^ ^ that are on the bottleneck of Li, we have 
that Ind{p-) — Ind{p+) is the same no matter viewing it as an intersection point of 


and 17, or as that oi lm and by Lemma 


7.16 


Moreover, there is an obvious bijection 


between Floer strips contributing to V) with both asymptotes on and Floer 

strips c ontrib uting to CF(L]\f, ll.). Furthermore, these strips are all regular, as argued in 
Lemma 7.16 As a result, the differential d of the chain complex CF{Lj^Xf,V) is a lower 
triangular matrix with the diagonal entries being di, the differential of CF{ij^, t^.). The 


result follows. 


□ 


7.3 Immersed construction 

m 

In this subsection, we let Lq = c T*Lo be equipped with a grading. We want 

to examine the Dehn twist long exact sequence for the complex projective space when a 
Lagrangian Li intersects Lq transversally at a point. We interpret the cone relation pre¬ 
dicted by Huybrechts and Thomas geometrically using immersed Lagrangians cobordism. 
Precisely, we want to show the existence of the following two immersed cobordisms 

(1) from Lq[—2] and Lq to an immersed sphere Sc^, 

(2) from Sq^ and Li to tlq{Li). 

m 

We start by constructing the immersed sphere Sc^ associated to a Lagrangian CP^ in 
a Weinstein neighborhood. 

Lemma 7.22. Let xq e Lq and D = {x e LQ\dist{xQ,x) = tt} = CP^“^. Let L_i be 
the graph of differential of hf) = —disf^{-,XQ) in T* Lq equipped with the induced grading 
from Lq. 

Then Sa^ = L_i[—Ij^^^Lo is a graded immersed Lagrangian sphere with Rs^ = 
{{q-i,qQ),{qQ,q-i)}, where g_i and qQ are both xq as a point on T*Lq, while g_i and 
qo comes from the branch L_i and Lq, respectively. Moreover, 
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Ind{q-i, qo) = —1 (resp. Ind{qo, q^i) = m + 1), and 


• E{q-i,qo) < 0 (resp. E{qo,q-i) > 0) 

Proof. It is clear that L_i intersect with Lq transversally at xq and cleanly at D. The 


calculation of index is similar to Example 4.6 Precisely, since xq is maximum of h{-), we 


have Ind{Lo\xo, L^i\xo) = m and /nd(L_i|a;p, LqIxq) = 0- Oii the other hand, D is the 
minimum of h{-) and D is of dimension m — 2 so we have /n(i(Lo|_D; = m — 2 and 


hence Ind{L-i\D, Lo|_d) = Note that, /nd(L_i[— IJI^, LqId) = m — 1 so Lemma 4.12 
implies that is graded. It is clear that it is an immersed sphere with the only immersed 
point at Xq. The first bullet is also clear by the index computation before surgery, since 
the grading remains unchanged outside the surgery site. 

For the energy, we consider the canonical one form a. on T*Lq. Since L_i is the graph 
of dh, /i is a primitive function of a|L_j. Note that h attains its maximum at xq and 


minimum at D; also by Lemma 4.24, the value of the primitive function of L-i[—l]ffDLQ 
decreases along the handle and the primitive function of Lq is a constant. Therefore, 


when we apply the gluing of primitive functions as in Lemma 6.2, we have E{q-i, go) < 0. 
Finally, we have F(go,g_i) = —£'(g_i,go) >0. □ 

We continue to use go (resp. g_i) to denote xq regarded as on the Lq (resp. L_i) 
branch of S^. 


Lemma 7.23. Let xo e Lq, E^^ he the eotangent fiber at xq and Sc^ as in Lemma 7.22. 
We equip a grading to such that /n(i(LoUo)-^ xqUo) ^ 0. Then there is a graded 
Hamiltonian isotopy from to TifiF^o). 


Proof. By Lemma 4.11, we can perform a graded surgery for some small 


A. To understand Fxq we use Lemma 3.4 and the remark following it. One 

considers a geodesic 7 (t) on and takes a smooth lift on starting from 

Fxq. This lift written as {'y{t), f{t)fi{t)) clearly has no points with /(to) = ~/(2'/r —to) 


m 


fact the only immersed point at xo was resolved by the surgery). Therefore from Lemma 
we concluded the proof. 

□ 


3.4 and Remark 3.5 


We consider a pinched perturbation of x I 


which will be used to construct immersed 

Let go,g-i e 5'™' 


cobordism with bottleneck associated to the surgery in Lemma 7.23 
be the points defined above 
auxiliary data. 


We define a bottleneck perturbation tgA by the following 


• Let g/j : M ^ M be a Morse function with a unique critical point which is a maximum 
at X = —2 that is small. 

• Let gs : S'™ ^ M be a non-negative function such that = 0 outside the 6 
neighborhood of g_i and gs = 1 inside the 6/2 neighborhood of g_i. 

• Consider a Weinstein neighborhood Ni of S™ c T *and iV 2 of M c C. Extend 
gn and gs to a function g^ : W ^ 1^ and gn : N 2 —>■ M, respectively, by pulling back 
from projection. 
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• Extend the domain of ^ 5 ^ to Ni to define symplectic immersion '■ Ni ^ T*Lq. 
Also let iM 2 : A ^2 ^ C be the canonical symplectic embedding by the convention 
z = q — ip. 


We then use the map x ■ Ni x N2 ^ M x C and define a time-one flow of 
S'” X M by the product Hamiltonian gRgs be S^ = x M) c iVi x iV2 and define 

= iNi X 

Lemma 7.24. If the norm of gn is sufficiently small, i^A is a pinched Lagrangian 
immersion with a single transversal immersed point. One of the two branch jumps has 
index m -I- 1 with positive energy, while the other has index 0 with negative energy. 


Proof. In Ni x N2, equals the graph of d{-gRgs) = -{gRdgs+gsdgR). When dgR{x) > 
0 , or equivalently x < —2 , the fact that gs ^ 0 implies that has non-positive p- 
coordinate in N 2 and hence non-negative y-coordinate in (C,dx a dy) factor. In particular, 
{q_i, x) has positive y coordinate for any x < —2 while {qo,x) has zero y- 

coordinate because gs{q-i) > 0 and gs{qo) = 0. This means LsA{q-i,x) A Ls^iQo,x) 
for all X < —2. When the norm of gR is sufficiently small, the vertical perturbation 
{Ni direction) given by —gRdgg is insignificant and we have t 5 A|{ 3 ;<_ 2 } is a Lagrangian 
embedding. The same is true when x > —2 (See Figure 14). Finally, it is obvious that 
there is exactly one transversal immersed point of l^a when x = —2 since gf{—2) A 0, 
coming from the transversal immersed point of ■ 



pinched region 


Figure 13: A pinched perturbation l^a. 


To calculate the energy, we may assume gR{—2) = 0 so that the immersed point is 
“2) = (tSc^ido), ~2). Consider the product immersion (5*” x M, x Id) with 
the set of branch jump types 


{{{q-i,t),{qo,t)),{{qo,t), {q-i,t))\t e 


where E{{q-i,t), {qo,t)) < 0. The control oigR guarantee that £'((q_i, —2), (go, —2)) 
remains negative after perturbation. 

For the index part, the Lagrangian tangent plane at (g_i,—2) and (go,—2) can be 
simultaneously decomposed into M and C components. For the C-component, the in¬ 
dex is nothing but Ind{TTc{4>^^^^{q-i x M)),7rc(go x M)) = 1 . Combining this with 

it follows that Ind(g_i,go) = 0. The case 

□ 


the computation on fiber in Lemma 7.22 
of Ind(go, g_i) = m -I- 1 follows similarly. 
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5_i X K 


Fxo 

^( 0 , 0 ) 

surgery 

p 

X Xo 

( 0 , 0 ) 

Figure 14: Projection of half of Lsa^(Fxq x iM): part of g'o x 1^ is removed to glue the 
green handle, which removes all immersed points from the cobordism. 




Lemma 7.25. Let Lq,xq he as above, and Li cz (M,cj) be a Lagrangian that intersects 

Lq transversally xq. Then there is an immersed Lagrangian sphere is^ ■ S'^ 

and an immersed Lagrangian cobordism with bottleneck from and Li to tlq{Li). 


Proof. Without loss of generality, we can assume M = T*Lq and Li = Fxq. We proceed 


in a way similar to Lemma 6.1 using Sc^jfqgFx^ obtained from Lemma 7.23 


We first illustrate the idea by constructing a “naive cobordism”. Consider x 


and Fxq x 


in T*Lo X C. Then we perform Lagrangian surgery at qo x (0, 0) supported 
in an eLneighborhood of qq. The resulting Lagrangian whose fiber at (0,0) is s^imFx, 
and hence embedded (Precisely, the surgery is done on the branch Lq x M of x M). 
We can cut this cobordism in half and do a Hamiltonian perturbation and extend the 
cylindrical end as in Lemma |6.1[ This Lagrangian immersion has all its immersed points 
on the end lsc^ x ((— oo, —e') x {0}) because when e is small, the handle added does not 
produce new immersed points. However, it is not yet an immersed Lagrangian cobordism 
with bottleneck (the self-intersection is not clean). To make it an immersed Lagrangian 
cobordism with bottleneck, we need to perturb this end by Lemma 7.24 before the surgery. 

The actual construction of the cobordism, detouring a bit, starts from a perturbed 
copy of X M. We choose a smooth gji so that g'^(x) > 0 for x 6 (—oo, —2) , ffp( x) < 0 

This 


7.24 


for X e (—2, —j) and gR(x) = 0 for x ^ and gs = gs as in Lemma 

defines a pinched Lagrangian l^a as in the first picture in Figure Notice that gn = 0 
for X ^ —e'/2 and = 0 near qq, which implies that bgA coincide with x M for 
X ^ I2 near go x M. This allows us to perform Lagrangian surgery from igA to Fxq x iM 
at go X (0,0) whose fiber at (0,0) being 

The resulting surgery coincides with the naive cobordism near M x (0,0), hence can 
be extended to an actual cobordism as above. It is a cobordism with a single bottleneck 
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at X = —2 by the fact that is pinched. 

□ 

Corollary 7.26. Let Lq,Li a (M, cj) be as above. For any clean immersed Lagrangian 
L]Sf : N ^ satisfying the Assumption (A) which is not a covering, we have the long 

exact sequence 




Proof. By Lemma 7.22, lsc^ satisfies the Assumption (A). Therefore, the result follows 
by Theorem 7.21 and Lemma 7.25 

□ 


We also want an immersed Lagrangian cobordism from Lo[—2] and Lq to ls<^- 


Lemma 7.27. There is a graded immersed Lagrangian cobordism with bottleneck from 
Lq[-2] and Lq to is^. 


Proof. Recall from the construction of a simple cobordism (Lemma 6.1), we constructed 
a surgery of Lg[—2] x M and L x iM using the geodesic flow on the product. This surgery 
clearly has a bottleneck at M x (0,0) (see the left of Figure]^. Therefore, by appro¬ 
priate Hamiltonian isotopy on the C-factor alone, one may adjust the resulting surgery 
Lagrangian submanifold into an actual immersed Lagrangian cobordism as desired (in this 
case the part of surgery Lagrangian in the fourth quadrant will be isotoped to the part 
outside K). □ 


Corollary 7.28. For any clean immersed Lagrangian L]\f : N —>■ {T*Lq,uj) satisfying the 
Assumption (A) which is not a covering, we have the long exact sequence 


••• - HF%in,Lo[-2]) ^ HF%iN,Lo) - HF*{iN,is^) 


8 Computations of connecting maps 

While the theory of Lagrangian cobordism provides a convenient way of proving isomor¬ 
phism of mapping cones, a general difficulty is to determine the connecting maps involved 
in these cones. In the case of a simple cobordism such that L 1 TL 2 = {p}, one may adapt 
the analysis of [121 Chapter 10] to find the actual count of the connecting map. In this 
section, we explain how to “compute” some connecting maps through the following simple 
algebraic fact. 

Lemma 8.1. Given chain complexes A, B over a field K and c,c' e hom^(A, B) which 
are closed. Assume that 0 ^ t 6 K and [c] = t[c']. Then cone{c) is quasi-isomorphic to 
cone{c'). 

Proof. This is a straightforward verification by sending (a, b) e A[l] © R to (a, tb + r?(a)), 
where t/ is a chain homotopy between c and tch □ 
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Lemma 8.1 can be upgraded to a categorical level, for example, using Yoneda lemma. 
This means the quasi-isomorphism type of a non-trivial mapping cone is determined by 
the choice in FHomP{A, B). Hence, it suffices to compute the connecting morphisms up 
to a rescaling factor when only the quasi-isomorphism type of the cone is concerned. In 
particular, when rank{HomP{A, B)) = 1 , the cone between A and B can have only one 
quasi-isomorphism type that is not the direct sum. The following perturbation lemma will 
be useful for excluding the direct sum. 



Figure 15: Resolving the degree zero intersection by surgery 


Lemma 8.2. Let Li, L 2 ^ M be a pair of Z-graded exact Lagrangian submanifolds. 
Assume Li n L 2 = D with index /nd(Li|£),L 2 |d) = dim(Il) = k and the intersection 
is clean. Let / : Li —> M (resp. f : L 2 ^ F.) be a Morse-Bott function which attains 
maximum (resp. minimum) at D. Then the graph of df as a perturbation Li of Li (resp. 
L 2 of L 2 ) in a Weinstein neighborhood satisfies 


ZiT(Li[1]#dL 2) = (ZiTLi[l])\{L»}, 

and respectively, 

Z2T(Li[1]#^L2) = (Z2TL2)\{F>}, 

are correspondence of intersections preserving degrees. 


Proof. Pick a Weinst ein ii eighborhood W of Li such that L 2 can be identified as a conormal 
bundle (Proposition 2.19). Let Li be the graph of df and identify Li as a Lagrangian in 
W and hence in M. Pick a Darboux chart U ^ W centered at a point p e D such that 
Li is identified with and L 2 is identified with The U can be chosen such that 

n—k 

f = c Yj x'f in the Darboux chart U for some small negative constant c and hence is 

i^l 

the only critical submanifold of / in U. 

Let L 3 = Li[ 1 ]#£)L 2 , where the surgery takes place in U. We have Graph{df) = 
{(IT,2clif)\lT e M”} in T*M"’ = U. On the other hand, the flow handle is given by 
= {{exp{lf'),lf')\lf' e where exp denotes the exponential map. Since c < 0, 

one sees that the two Lagrangians do not intersect in this Darboux chart U by checks on 
signs. Since p e D is arbitrary, the flow handle does not intersect Graph{df). 


63 













The perturbation L 2 is constructed similarly, except / is taken to have a critical 
minimum submanifold along D on L 2 . We leave the details to the reader. 

□ 

We exploit consequences of this simple fact. In the rest of this section all Lagrangians 
will be assumed to be Z-graded and exact. 

Corollary 8.3. (Surgery exact triangle) Let Li,L 2 he graded exact closed embedded La¬ 
grangians. Assume Li n L 2 = D is connected such that Lnd{Li\D, L 2 \d) = dim(T)) = k 
and the intersection is clean. Let L 3 = Li[1])(dL 2. Suppose also that there is a Morse- 
Bott function f : Li —> M (or f : L 2 —>■ 'R) such that f attains local maximum (resp. 
minimum) exactly at D (ie. no points other than D attains a local maximum). Then 
there is an exact triangle 

[D-\ 


Li 


L 2 ^ T 3 ^ Li[l] 


Proof. When D is a. point, the exact triangle is known to Fukaya-Oh-Ohta-Ono [l2] in its 
cohomological version, and is a direct consequence of Biran-Cornea’s cobordism theory in 
the categorical version. We focus on the derivation of the connecting map : Ti —> L 2 . 

We assume / : Li ^ M attains local maximum exactly as D. The case for a Morse- 
Bott function on L 2 is similar. Since there is a Hamiltonian perturbation of Li such that 


CF^{Li,L 2 ) is of rank one, and hence HF^{Li, L 2 ) is at most rank one. By Lemma 8.1 
it suffices to s how that the first connecting map is non-zero. 

By Lemma 


8.2 


there is no degree zero element in C'T(Li[l], L 3 ) (note: Lnd{Li\j:), LiId) = 


n—Ind{Li\£),Li\j:)) = 0 by Example 4.6). If the connecting map is zero, LlT°(Li[l], L 3 ) = 
HF^{Li[l], Li[l]) Q HF^{Li[l], L 2 ), which is at least rank one, so we arrive at a contra¬ 
diction. □ 


We now consider Seidel’s long exact sequence, which is slightly more involved, 
the exact triangle in Fuk{M x M~). 


S^xS^^A^ Graph{Ts^) ^ 5" x S^[l] 


v^onsiaer 


( 8 . 1 ) 


Since HF^{S^ x S'”, A) = L1T°(S”, S”) = K, we may apply Lemma 8.1 Considering 
morphisms from Li x L 2 yields 

-» HF*{Li X L2,S” X S”) ^ HF*{Li x L2,A) ^ HF*{Li x L2,Graph{Ts^)) ^ ... 


The fact that the connecting map Cd is non-zero can be verified by plugging Li x L 2 = 
S” X S” and do a simple rank computation. Hence, the connecting map Cd can be taken 
as the multiplication with any non-zero element of L1T^(S” x S”, A). 

To show that Cd can be taken as the evaluation map, we give a proof of the following 
lemma communicated to the second author by S. Mau, which is a simple instance of quilt 
unfolding. 

Lemma 8.4. Under the isomorphism HF*{Li x L2,A) = HF* {Li, L2) and HF*{Li x 
L2,K X K) = HF*{K, L2) <S) HF*{Li, K) , the homomorphism 

HF*{Li X L2,K X K) HF*{Li x L2, A) (8.2) 
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is identified with the evaluation map HF*{K,L 2 ) 0 HF*{Li, K) —> HF*{Li, L 2 ). Here 
ex £ HF^{K X K,A) is the image of the fundamental class under the isomorphism 
HF* {K, K) HF* {K x K, A) 


Proof. The homomorphism 8.2 is obtained by counting quilted surfaces in the shape of 
the left of Figure Splitting the shaped region from the quilted surface, the rest of 



Figure 16: Unfolding of Cd 


the surface is equivalent to counting holomorphic curves shown in the right of Figure 16 


where the evaluation at a point a is constrained by the output from the shaded region. 
The latter is given by rigid quilted cylinders shown on the left of Figure [TtI which is in 
turn equivalent to the holomorphic section on the right. This shows a = ex, meaning the 


a 



M 


unfold 


K 


a 


M 


M 


eK 


K 


eK 



Figure 17: Unfolding of the shaded region 


constraint is only decorative. A standard gluing thus concludes the lemma. 


□ 


A similar application of Lemma |8 .1 1 and quilt unfolding also gives an explicit description 
HF*{f) —> HF*{f{S^),S^) in (6.1) (this is the composition with c in (8.1)). 


of c/ _ 

Consider holomorphic half-strips u : x [0,1] 

data, with the following boundary conditions 


(M, J) for suitable choice of Floer 
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^ u{0,t) e 

< f{u{sA)) = u{s,0) 

lim u{s,t) = X e Fix{f). 

s^+oo 


Rigid counting of these holomorphic half-strips defines a chain map COf : CF{f) —> 
CF{f{S'^), 5”). To show that [COf] is identified with Cf, consider the unfolding shown in 
Figure 18 for I = u{s, 1). Hence we showed that: 


Corollary 8.5. Cf = [COf]. 



Figure 18: The unfolding of cj 


In the last two corollaries we consider the case of CP"'-twists. However, the reader 


should use caution here: they only hold in situations that we may upgrade Corollary 7.28 


and 7.26 to the categorical level. While we believe this is true in general, we have not 
developed sufficient tools in the current paper to claim it as a theorem. Nonetheless, we 
still include them here to make our discussions complete. 


Corollary 8.6. Assuming Corollary 7.28 can he upg raded to a categorical cone. Let 
S = CP^ and Sq^ he the immersed sphere in Lemma 1.22. Let A [h] e HF‘^{S,S). 
Then there is a long exact sequence for any N 


HF*{N,S[-2]) 




HF*{N, S) HF*{N, S^) 


Proof. Since HF^{S[—2], S) = K- [/i], in view of Corollary 7.28 and Lemma 8.1, it suffices 
to prove that the connecting map is non-zero. In other words, we want to show that 
HF*{N, S[-2])eHF*{N, S) A HF*{N, S^) for some N. It follows directly by taking N 
to be an appropriate perturbation of S, so that CF*{N, Sc^^) has rank equal to two. □ 


Corollary 8.7. Assume Corollary 7.26 can he upgraded to a categorical cone. Let S = 
CP"^, L and N be embedded exact Lagrangians in M. Assume SfhL = {p} and Ind{S\p, L\p) 


0. Let be the immersed sphere in Lemma 7.22 constructed by xo = p. 
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Denote the two generators as go e CF^(Sc^, L) and q-i e CF L) which are both 

geometrie point {p}. Then there is a long exact sequence for any N 


HF* {N, S^) HF* {N, L) 


HF*iN,TsiL)) 


Proof. First of all, we want to show that HF*{L, ) 0. N ote t hat, we have HF"^~^‘^{L, S[—2]) 

HF^{L, S) = K- [p'^] and HF^+^{L, S) = 0. By Corollary 


8.6 


we have 


HF^+^{L,S. 




HF^+^{L,S[-2]) 




HF^+^{L, S) 


which shows that HF = {HF^~^^{L, Sc^))'^ = K • [o’-!]. In particular, qo and 

q-i are both cocycles since they are the only generators. It also follows that 


HF*{S^,L) = 


* = - 1,0 

otherwise 


(8.3) 


both HF^{Sq^, L) and HF ^{Sq^,L) have rank one. From Lemma 8.1 again the only 


thing to show is the non-vanishing of the connecting map Cp e Hom^{Sq^, L). 
Choose N = L to be the perturbation of L as in Lemma 


1.2 


we have a graded 

identification of intersection points L n (r 5 (L)\{( 7 _i}) = (L n L)\{p}, none of which has 
degree ^ m. Note that our situation slightly differs from |8.2] since has two branches 
of intersections at p and the same proof there removes the intersection qo but g_i sur¬ 
vives (Figure 19). We now have Ind{L\q_.^^,Ts{L)\q_.^) = Ind(L|g_^, L_i|q_j) = m and 
hence CF^{L,ts{L)) = K • q^i so the cohomology has at most rank one. However, 
HF^{L,Sc^[l]) ®HF^(L,L) = FF0(5c^[ 1],L) ©FF’"(L,L) has rank two. There¬ 
fore, one cannot have a short exact sequence in degree n so the connecting map is non¬ 
vanishing. □ 



Figure 19: Resolving the degree zero intersection by surgery with 


9 Categorical point of view 

9.1 CP"-twist and P'^-objects 

We recall the definition of P^-objects from both A-side and R-side. 
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Definition 9.1 i jT5]. Definition 1.1). Let X be a smooth projective varieties. An object 
£ 6 D^{X) is called a ¥^-object if £ ®ujx = £ o,nd Ext*{£,£) is isomorphic as a graded 
ring to C). 

From here Huybrechts and Thomas defined an autoequivalence of D^{X). This is the 
Fourier-Mukai functor induced by the following iterated mapping cone in D^{X) 


Cone{Cone{£^ 0^[-2] ^ £'^ ^£) ^ Oa)- 


(9.1) 


We will not pursue the connecting maps in (9.1) in this paper, but the readers should 
consult m in case of interests. On the A-side, one has the following notion of CP"'-objects 
(and similarly for EIP’*-objects) in Aoo-categories. 


Definition 9.2 ([H], Definition 3.1). A CF"'-object (resp. MP”,HP”-objectj in A is a 
pair {V, h) for V e Ob(A) and h e hom^{V, V) such that 


(1) iA{h) = 0 and Hom{V,V) = as a graded ring, 

(2) There is a map J : Hom'{V,V) —>■ k such that for any X e A, the bilinear map 
Hom'~^{X,V) 0Hom^{V,X) —> Hom'{V,V) ^ K is non-degenerate. 


Here, t = 2,1,4, respectively, /or CP”, MP” and HP”. ! = 2n, n, 4n, respectively, for 
CP”, MP” and HP”. 

A typical example of CP”-object is given by an exact Lagrangian CP” in Tuk{M) 
for an exact symplectic manifold M. In m it is conjectured that the Lagrangian CP”- 
twist is mirror to a P”-twist in the derived category of the mirror variety. Based on this 
speculation, m constructed an algebraic version of the CP”-twist in Aqo category and 
conjectured that is exactly the auto-equivalence induced by a Lagrangian CP”-twist. Our 
main result in this direction is to confirm this conjecture up to determination of connecting 
maps in an exact symplectic manifold M. 

Theorem 9.3. Given a Lagrangian CP” = S M (resp. MP”,HP”j. The auto¬ 
equivalence induced by Lagrangian S-twist is equivalent to the following iterated cone in 
the category of fun{‘Juk{M),Tuk{M)) 


Cone{hom{S, —) 0 5'[—j] —> hom{S, —) 0 5 —> id^uk{M))- 

where t = 2,1,4, respectively, for CP”, MP” and HP”. The corresponding cone in the 
bimodule category Bimod{Tuk{M)) also holds. 


Proof. The construction from Lemma 3.8 grading consideration from Lemma |4.20| \A2f] 
and the main theorem in |7] implies a quasi-isomorphism of iterated cones in ‘Juk{M x M~) 


Cone{{S X S)[-t] ^ Sx Am) = Graph{Tg^). 


The desired assertion is simply the image of this equality under the M’au-Wehrheim- 
Woodward functor <h. The counterpart in the bimodule category follows replacing the 
functor $ by the functor S (See the end of Section]^. 

□ 
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4.22 


Similarly, by replacing Lemma 3.8 with Lemma 3.10, Lemma 4.20 and 4.21 with Lemma 
we have 


Theorem 9.4. Given a projectively coisotropic manifold C a M. The auto-equivalence 
induced by family projective-twist is equivalent to the followinq iterated cone in the cateqory 
of fun{Tuk*{M),Tuk*{M)) 


Cone{C{—\] C ^ 

where t = 2,1,4, respectively, if the projective fiber is CP^, and IHP^ 

We remark that the functor C should be regarded as the composite of the functors 
C* : Tuk*{M) Tuk*{B) and C : ‘Juk*{B) Tuk*{M). 


9.2 Long exact sequences as cones of functors/bimodules 

We may recapitulate results from Section on the functor level. Recall that Seidel proved 
the following categorical version of Theorem |6.4| in 


/iom(5’",L)0 5" 


L —> TgnL 


to Theorem 1.3 
[ 1 ] 


(9.2) 


This result can be considered as a consequence of our previous results in two equivalent 
point of views as functors and bimodules. The first one is straightforward given the M’au- 
Wehrheim-Woodward’s ^oo-functor <1> (5.3). 

Given our cobordism construction, Corollary |3.7[ Corollary 4.19| and Lemma |6.1[ and 
combining with the main result from [7], we indeed have a cone in 3'uk{M x M) 


X (5”)" ^ A 
Hence, under this turns into a cone of functors 


Graph 


(9.3) 


/lOm(5"', —) 0 5” ^ IdTwSuk{M) (9.4) 

or, if a compactly supported symplectomorphism (f> x id is applied to the cobordism, the 
resulting cone reads 


hom((^(5”),-)0 5" 




$ 


Tgn ocj) 


[ 1 ] 


(9.5) 


Evaluating (9.4) at any object L 


ating another object gives the cohomological version Theorem 6.4 


Tuk{M) hence recovers (9.2), while further evalu- 

Corollary |6.5| follows 


from (9.5) considering the morphisms to the identity functor in simple cases. For the 


family Dehn twist Lemma 3.10, we may also interpret it as a cone of functors, but we need 
to go to general Lagrangian correspondence framework: by the time of writing, it is not 
clear the functor induced by C has target reduced to the derived Fukaya category even 
for spherically coisotropic manifolds. 
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9.3 Categorical automorphisms of 74Di?-singularities 

In this section, we investigate the compactly supported symplectomorphisms of Milnor 
fibers W of an ^Z)i?-singularity in a categorical point of view. In other words, we are 
interested in the image of the natural homomorphism Sympc{W) —> Aut{Fuk{W)). The 
goal is to show that 

Theorem 9.5. For any compactly supported symplectomorphism (j) e Sympc(W), <I>(^ 6 
D'^Aut(3'uk(W)) is split generated by compositions of Dehn twists along the standard 
vanishing cycles. 

Here D'^Aut^S'ukfW)) is considered the image in Fun{D'^9'uk(W), D’^UukfW)) in¬ 
duced by compactly supported symplectomorphisms. More precisely, a symplectomor¬ 
phism induces an Hqo autoequivalence on 3^uk{W), and D'^Aut{3'uk{W)) consists of the 
split closure of the image of such autoequivalences under the following functor (see [261 
( 1 . 10 )]) 

H{fun{9^uk{W),3^uk{W))) Fun{H{Juk{W)), H{3^uk{W))). 

We start by considering a slightly more generalized situation. Recall that a weighted 
homogenous polynomial q satisfies g(A^Wi,..., X^^Zn) = X^q{zi, ..., Zn) for some integers 
(/3;/3i,...,/3„). Then g : C" ^ C has an isolated singularity at (0,0), and the nearby 
fibers are called the Milnor fiber of the weighted homogeneous singularity Wg. 

Seidel [23] [2B] studied the symplectic nature of Wg through its monodromy around 
0 e C as follows. Consider g~^(D^(l)\{0}), one may choose a symplectic connection which 
is trivial near infinity in the fibers. This induces a monodromy / e SympfiWg) by parallel 
transport around the origin, which decomposes into a sequence of Dehn twists along 
Lagrangian spheres {Li}\^^ by perturbing q into a Lefschetz fibration. The Lagrangian 
spheres Li are indeed the vanishing cycles of this Lefschetz fibration. 

It is shown in [23j that the iterate f^\u = id[kg]\u. Here kg = 2{fi — 2/3j) e Z and 
U cz Wg is a compact set which can be chosen arbitrarily large by varying the choice of 
symplectic connections. In the rest of the section we further assume that 

The following observation allows one to show that split generates D'^3^uk{Wg), 

the Fukaya category generated by compact Lagrangian branes. 

Lemma 9.6 (|26|, (5e)). Let C be a twisted complex split generated by objects Li,..., L;, 
and there is an exact triangle 


C ^ L^ L[a] C[l] 

for some perfect complex L and a e Z\{0}. Then Li ,... ,Li split generate L. 

The lemma follows from part of the octahedron axiom, which asserts that the cone of 
the composition 

t\da\ o • • • o t[a] ot : L ^ L[{d + l)a] (9-6) 
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is generated by shifted copies of C. The boundedness assumption on L then implies 


From (9.4), 


the vanishing of (9.6) when d is large enough, as desired. 

Now take the vanishing cycles Lj involved in the monodromy / for Wq. 
there is an equality of twisted complexes 

= Cone{e 

Here C is an iterated cone formed by functors of the form where Li is a 

Lagrangian sphere differed from Li by (j)~^ and a composition of twists by vanishing 
cycles. 

We note that although ^ id[kq] as a symplectomorphism, 4>j/3 = id[kq] as auto¬ 
equivalences on 3^uk{Wq) (while the case will be drastically different when wrapped version 


is considered). This still does not put us back to the framework of Lemma 9.6 it is unclear 
that ) ( 4 > 0 , <h 0 [(i])) = HH‘^{3^uk{Wq)) = 0 for a symplectomorphism cj) and 

large d in our case, and the naive expectation that rank{HH*{3^uk{y))) < oo does not 
always hold for a Stein manifold V (this was pointed out to the authors by Nick Sheridan). 

The good news is, the zero**^ order term of arbitrary natural transformation in ) (4>(^, 4>(^[d]) 

necessarily vanishes in 0-th cohomology. More precisely, a natural transformation T e 
hom^{3', S) consists of a sequence T = {T ^...), where T° e /iom°(TX, SX). 

When “J = id and S = (/^)'^ and d is large, 0 = [T°] e HomP{H{3^), H{S)). This is 
equivalent to the statement that HF^{L, L[dkq]) = 0 for any compact Lagrangian brane 
when dkq > n. As a result, we do have an exact triangle in D'^{Aut{iLuk{Wq))) 


e ^ ^ ^ e[i] 

which implies functors ^lxL' split generate {Aut{3'uk{Wq))) by Lemma 


9.6 


(9.7) 

where 


L is one of the vanishing cycle and L' is a Lagrangian sphere. We could further reduce L' 
to a vanishing cycle as well. 


Lemma 9.7. If {Li} split generate S^ukfW) for any Stein manifold W, any functor of 
the form ^KqxKi is split generated by ^lxL’- 

Proof. We recall from [131 2.5] (see [25] for the Aoo-module version) that, given an Aqo- 
categories A, T, C and a ('B, S)-bimodule T, the convolution Ty : M T 0 ® M defines a 
d^r-functor from (A, B) — mod to (A, C) — mod. 

For the geometric situation at hand, consider l3uk{Wq)—mod as (3'uA:(VFq), k)-bimodules, 
and let Tl = the image of L under the left Yondeda embedding jK We then obtain 
the following composition of Aqo functors 


Juk{Wg) ^mod-Juk{Wq) Bimod{3^uk{Wg)y 

^3^uk{Wq xWgY ^ fun{fLuk{Wq),3^uk{Wq)). 

Here BimodiWq)^ a BimodiWg) denotes the subcategory generated by bimodules of 
shape Tk" 

A consequence is that, a cone Li ^ L 2 ^ L 3 Bi[l] in 3‘uk{Wq) is mapped to a 
cone of functor ^lxLi ^LxL 2 ^LxLs ^LxlAP]-, which concludes the lemma. □ 
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Corollary 9.8. {Aut{3^uk{Wq))) is split generated by ^lxL'> where L and L' are van¬ 

ishing cycles. 

Proof. Now we may apply the theorem by Seidel [23] [26] that any compact exact La- 
grangian sphere in Wq is split generated by vanishing cycles. This decomposes arbitrary 
^KqxKi into functors of the form ^lxL' for L, L' are both vanishing cycles by Lemma 

□ 


9.7 


Now Theorem 9.5 is an immediate consequence: for any two vanishing cycles L and L' 
in the A,i-Milnor fiber, there is a composition of Dehn twists along vanishing cycles 
sending L to L' up to Hamiltonian isotopy. Therefore, and generate ^lxL'- 

The extension to D and L^-type singularties was pointed out to us by Ailsa Keating: in 
fact, one may conclude the same result for weighted homogeneous singularities for which 
the smoothing is a plumbing of T*S"' according to a simple graph. To see this, one notices 
that the only place we need to specialize to A„-type Milnor fiber is to prove the existence 
of Till. But for simple graph plumbings, one may always find an A^-subgraph connecting 
L and L' and use the composition of Dehn twists there. 


Remark 9.9. Ailsa Keating and Ivan Smith also suggested Theorem 9.5 should hold for 
an even larger class of singularities. In particular, the conclusion holds provided that the 
discriminant locus in the miniversal deformation base is irreducible. In this case, as ex¬ 
plained to us by Denis Auroux, the fundamental group of the discriminant complement is 
normally generated by a single meridian, which can be translated back to the language of 
Ti^i'. However, the authors do not know whether this class includes all weighted homoge¬ 
neous singularities. 


References 

[1] Mohammed Abouzaid. On the Fukaya categories of higher genus surfaces. Adv. 
Math., 217(3):1192-1235, 2008. 

[2] Mohammed Abouzaid and Ivan Smith. Homological mirror symmetry for the 4-torus. 
Duke Math. J., 2:445-543, 2010. 

[3] Mohammed Abouzaid and Ivan Smith. Khovanov homology from floer cohomology. 
arXiv: 1504.01230, 2015. 

[4] Manabu Akaho and Dominic Joyce. Immersed Lagrangian Floer theory. J. Differential 
Geom., 86(3):381-500, 2010. 

[5] Garrett Alston and Erkao Bao. Exact, graded, immersed lagrangians and floer theory. 
arXiv: 1407.3871, 2014. 

[6] Paul Biran and Octav Cornea. Lagrangian cobordism. 1. J. Amer. Math. Soc., 
26(2):295-340, 2013. 

[7] Paul Biran and Octav Cornea. Lagrangian cobordism and Fukaya categories. Geom. 
Funct. Anal., 24(6):1731-1830, 2014. 


72 





[8] Paul Biran and Octav Cornea. Lagrangian cobordism in Lefschetz fibrations. ArXiv 
e-prints, April 2015. 

[9] Mihai Damian. Floer homology on the universal cover, Audin’s conjecture and other 
constraints on Lagrangian submanifolds. Comment. Math. Helv., 87(2):433-462, 2012. 

[10] G. Dimitroglou Rizell and J. D. Evans. Exotic spheres and the topology of symplec- 
tomorphism groups. ArXiv e-prints, July 2014. 

[11] Jonathan David Evans. Symplectic mapping class groups of some Stein and rational 
surfaces. J. Symplectic Geom., 9(l):45-82, 2011. 

[12] Kenji Fukaya, Yong-Geun Oh, H. Ohta, and Kauro Ono. Lagrangian intersection 
Floer theory: anomaly and obstruction, Part I & II, volume 46 of AMS/IP studies in 
advanced mathematics. American Mathematical Society, Providence, RI, 2009. 

[13] Sheel Ganatra. Symplectic cohomology and duality for the wrapped Fukaya category. 
arXiv:1304.7312. 

[14] Richard Harris. Projective twists in Aqo categories. arXiv:l 111.0538, 2011. 

[15] Daniel Huybrechts and Richard Thomas. P-objects and autoequivalences of derived 
categories. Math. Res. Lett., 13(l);87-98, 2006. 

[16] Mikhail Khovanov and Paul Seidel. Quivers, Floer cohomology, and braid group 
actions. J. Amer. Math. Soc., 15(1);203-271, 2002. 

[17] Frangois Lalonde and Jean-Claude Sikorav. Sous-varietes lagrangiennes et lagrangi- 
ennes exactes des fibres cotangents. Comment. Math. Helv., 66(l):18-33, 1991. 

[18] Yanki Lekili and Max Lipyanskiy. Geometric composition in quilted Floer theory. 
Adv. Math., 236:1-23, 2013. 

[19] Dusa McDuff and Dietmar Salamon. J-holomorphic curves and symplectic topology, 
volume 52 of Colloquium Publications. American Mathematical Society, Providence, 
RI, 2004. 

[20] Leonid Polterovich. The surgery of Lagrange submanifolds. Geom. Funct. Anal., 
1(2):198-210, 1991. 

[21] Marcin Pozniak. Floer homology, Novikov rings and clean intersections. In Northern 
California Symplectic Geometry Seminar, volume 196 of Amer. Math. Soc. Transl. 
Ser. 2, pages 119-181. Amer. Math. Soc., Providence, RI, 1999. 

[22] Paul Seidel. Lagrangian two-spheres can be symplectically knotted. J. Differential 
Geom., 52(1):145-171, 1999. 

[23] Paul Seidel. Graded Lagrangian submanifolds. Bull. Soc. Math. France, 128(1):103- 
149, 2000. 


73 



[24] Paul Seidel. A long exact sequence for symplectic Floer cohomology. Topology, 
42(5):1003-1063, 2003. 

[25] Paul Seidel. Aoo-subalgebras and natural transformations. Homology, Homotopy 
Appl, 10(2);83-114, 2008. 

[26] Paul Seidel. Fukaya categories and Picard-Lefschetz theory. Zurich Lectures in Ad¬ 
vanced Mathematics. European Mathematical Society (EMS), Zurich, 2008. 

[27] Paul Seidel. Lectures on four-dimensional Dehn twists. In Symplectic 4-'manifolds and 
algebraic surfaces, volume 1938 of Lecture Notes in Math., pages 231-267. Springer, 
Berlin, 2008. 

[28] Paul Seidel. Fukaya Aoo-structures associated to Lefschetz fibrations. 1. J. Symplectic 
Geom., 10(3):325-388, 2012. 

[29] Paul Seidel. Exotic iterated Dehn twists. Algebr. Geom. Topol, 14(6):3305-3324, 
2014. 

[30] Paul Seidel and Richard Thomas. Braid group actions on derived categories of co¬ 
herent sheaves. Duke Math. J., 108(1):37-108, 2001. 

[31] Nick Sheridan. Homological mirror symmetry for calabi-yau hypersurfaces in projec¬ 
tive space. Inventiones Mathematicae. 

[32] Katrin Wehrheim Sikimeti Mau and Chris Woodward. A-infinity functors for la- 
grangian correspondences, preprint, http://www.math.rutgers.edu/ ctw/papers.html 

[33] Katrin Wehrheim and Chris Woodward. Exact triangle for fibered dehn twists. 2015. 

[34] Katrin Wehrheim and Chris T. Woodward. Eunctoriality for Lagrangian correspon¬ 
dences in Floer theory. Quantum Topol, 1(2):129-170, 2010. 

[35] Katrin Wehrheim and Chris T. Woodward. Quilted Floer cohomology. Geom. Topol, 
14(2):833-902, 2010. 

[36] Katrin Wehrheim and Chris T. Woodward. Floer cohomology and geometric compo¬ 
sition of Lagrangian correspondences. Adv. Math., 230(1):177~228, 2012. 

[37] Weiwei Wu. Exact Lagrangians in A„-surface singularities. Math. Ann., 359(1-2):153- 
168, 2014. 

[38] Weiwei Wu and Guangbo Xu. Seidel’s exact sequence in general symplectic manifolds. 
In preparation. 

Cheuk Yu Mak, School of Mathematics, University of Minnesota, Minneapolis, MN 55455 
E-mail address: makxx041@math.umn.edu 

Weiwei Wu, Centre de recherches mathematiques, Universite de Montreal, 2920 Chemin 

DE LA tour, Montreal (Quebec) H3T 1J4 
E-mail address: wuweiwei@crm.umontreal.ca 


74 



